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TO 



LIEUTENANT-COLONEL S, THAYER, 



LATE SUPERINTENDENT 



MILITARY ACADEMY. 

Dear Sir, 

^ I take the liberty of inscribing to you the fol- 

^ lowing Treatise on Analytical Geometry, though 

» without flattering myself that the execution of the 

' work will be found answerable to the utility and 

Q unportance of the subject. 
> 

^ In the organization of the Military Academy 

under your immediate superintendence, the French 
methods of instruction, in the exact sciences, were 
adopted ; and near twenty years' experience has 
suggested few alterations in the original plan. 

The introduction of these methods is considered 
an improvement worthy to form an era in the his- 
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4 DEDICATION, 

tory of education in this country ; and public opin- 
ion has justly appreciated the benefits which you 
have conferred, at once on the Military Academy, 
and on the cause of science. 

These acknowledgments, prompted alike by a 
sense of justice and the dictates of private friend- 
ship, I have felt it a very grateful duty to make, 
in prefixing your name to the present work, and in 
subscribing myself. 

With great respect and regard, 

Your friend, and obedient servant, 

CHARLES DAVIES. 
Military Academy, 

West Point, July, 1836. 
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PREFACE, 



The method, .first adopted by Descartes, of r^presientiog 
all the parts of a ^geomietrical -figure by a single equation, 
has wrought an entire change in the mathfimatical and 
physical sciences. By means of this happy invention, 
modes of investigation at imce difficult and rdisconuected, 
and depending for success in .each particular .case on .the 
skill and ingenuity of the inquirer, .and often on accident, 
are reduced to ^ jsimpl^ and .uniform .pxocess. ^The ipceat 
work of La Place, which firom the single law of gravitation 
deduces the formulas for determining all the circumstances 
of the solar system, at any period of time, is its legitimate 
firuit. 

In France, much labor and talent have been successfully 
employed in preparing elementary books on this branch of 
mathematics, and the schools and colleges are abundantly 
supplied with those of distinguished merit. In this country, 
however, it is quite otherwise. No original .work has yet 
appeared, and the translation of one of the most imperfect 
of the French, and the republication of an English author, 
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6 PREFACE. 

can hardly be considered as supplying the seminaries of 
the United States with suitable text books on so important 
a branch of science. 

For about sixteen years the subject of Analytical Geome 
try has made a part of the course of mathematics pursued 
at the Military Academy, and the methods which have been 
adopted in the present work, are those which have been 
taught with the greatest success. The admirable treatises 
of Biot and Bourdon have been freely consulted, and many 
of the examples in the seventh book have been selected 
from the former work. The system of Biot has also been 
somewhat followed. It has been the intention to furnish a 
useful text-book, and no attempt has been made to depart 
from clear and satisfactory methods adopted by others, 
merely for the purpose of seeming to be original. 

Military Aoadbmt, 
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ANALYTFCAL GEOMETRY. 



BOOK L 
Definitions and Determinate Problems. 

1. There are three kinds of Geometrical Magnitude : viz.* 
lines, surfaces, and solids. In Geometry, the properties of 
these magnitudes are established by a course of reasoning in 
which the magnitudes themselves are constantly presented to 
the mind. Instead, however, of reasoning directly upon the 
magnitudes, we may, if we please, represent them by alge- 
braic s)rmbols. Having done this, we may operate on these 
Sjrmbols by the known methods of Algebra, and aU the results 
which are obtained will be as true for the geometrical quan- 
tities, as for the algebraic symbols by which they are rep- 
resented. This method of treating the subject is called 
Analytical Geometry, 

Geometry embraces two distinct cksses of propositions : 
viz., problems wluch relate to particular qu^ions, and theo- 
rems which demonstrate general properties. 

Analytical Geometry is also divided into two parts : viz. 

1st. The solution, by means of Algebra, of determinate 
problems : that is, of problems in which the conditions limit 
the number and determine the values of the required parts : and 

2dly The analytical investigation of the general properties 
of lines, surfaces, and solids. 

2. We are first to explain the manner of representing the 
geometrical magnitudes by the algebraic symbols. For this 
purpose, it will be necessary to compare each magnitude with 
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14 - ANALYTICAL GEOMETRY. 

- * 

ils mut of measure. The uiut of measure of any quantit}r> is 
' a quantity of the same kind, the valtce of which is knowriy and 
with which the given quantity is compared. The unit of 
measure for lines is a right line of a known length, a foot, a 
yard, a rod, &;c. For surfaces, the unit of measure is a 
known square (Geom. Bk. IV, Prop. IV, sch,); and for solids, 
it is a known cube- (Geom. Bk. VII, Prop. XIII, sch). 

Let us now suppose that we have a numerical equation of 
the form 

a? = o + ft, 

' in which x, a, and b, are abstract niunbers; that is, numbers 
in which the imit 1 does not express a specific thing. The 
equation is then called an abstract equation. 

Let it be now required to find an equation which shall 
express the same relations between lines as this equation 
expresses between abstract numbers. 

Tot this purpose, let I designate the unit of measure for 
lines, and X a line of such a length that it will contain /, x 
times: then, 

-X_ 

in which a? is an abstract number. Let A represent a line 
which will contain /, a times; and B a line that shall c^m- 
tajai, b times: then, 

X it . 5 

T=T+T' 

and by multiplying both members by /, we. iobtain 

that is, the line X is equal to the sum of the lines A and B^ 
which is the same relation as subsisted between the abstract 
numbers of the first equation.^ 
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. Tim last equation is called a drniaminate equation, beoaufe* 
the kind (d quantity of which its termfu ar^ compose4» is • 
denominated or named. 

Now, since the quotient arising from dividing a quantity by * 
its unit of measure is always an abstract number, it follows 
that, ant/ abstract equation may be changed into a denomi- 
nate equation by substituting for each of the abstract num" 
bers, a geometrical magnitude divided by its unit of measure 

After these sulyititutions are made, and the equation cleared 
of its fractions, all the terms will be homogeneous; that is, 
each term will contain the same number of literal factors 
(Alg. Art. 26). 

Take, for example, the equation 

x=sab + Cj 

in which the letters represent abstract numbers. Pasang to 

the denominate equation, we have 

* 

I l^ l^ I' 

or, by multiplying both members of the equation by l\ we 
obtain, 

an equation in which all the terms are homogeneous* As 
the same reasoning may be applied to every equation, we 
conclude that, all the terms of every denominate equation will 
be homogeneous. 

3. A term or factor of die first degree, which represents a 
right line, is said to be linear ; and an equation of the first 
degree is called a linear equation. 

4. When all the temis of an ali^stract equation are homo- 
geneous, its fonu will not be altered by changing it into a 
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16 ANALYTICAL GEOMETRY. 

denominate equation; and we may, therefore, at once treat 
the equation as though each of its literal factors were linear. 
Thus, the numerical or abstract equation 

being transformed into a denominate equation, becomes 

AX=BC + DF, 

which is of the same form as the given equation. 

6. A single factor may always be considered as repre- 
senting a line ; the product of two factors as representing a 
surface ; and the product of three factors as representing a 
solid. If there are more than three factors in a term, we are 
to consider (»ily three as linear^ and the rest as numerical. 
Thus, in the equation 

(zbx = cdfg + hnmy 

we may regiard either three of the factors c, d, f or g^ as 
linear, but one, at least, must be treated as numerical. 

Of the constructwn of Equations. 

6. The construction of an equation consists in finding a 
geometrical figure in which the parts shall be respectively 
represented by the literal parts of the equation, and in which 
the relation between the parts shaH be the same as that ex- 
pressed by the equation. 

7. Let it be required, for example, to construct the linear 

equation 

07 = a + &. 



-^B 



. Draw an indefinite right line, AB. 

From any point as A, lay off a distance ^ -J; — 

AC equal to a, and then from C, a dis- 
tance CD equal to 6> and AD will be the right line equal to ot. 
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BOOK I. 17 

8. Let it be required to construct the linear eqpiation 

a? =s a — 6. 

Draw an indefinite ri^t line AB. 

From any point as A, lay oflF a distance > ■■ t ■ » ' \ > B 

AD equal to a, aiid then from D,' a dis- 
tance DC in the direction towards A, equal to 6; AC will 
then express the difference between a and 6, and will con- 
sequently be equal to a?. 

If b is greater than a, x will be essentially negative (Alg. 
Art. 85); and in the construction, the 

point C will fall on the left of A, leaving i « — \ 1— B 

for the result, the line AC estimated from 
the origin A to the left. 

We see, in this example, the application of a general prin- 
ciple, which we shall have frequent occasion to verify : viz., 
if Urns drawn from a gwen point in one direction are re- 
garded as positive, those drawn from the same point in the 
contrary direction must he regarded as negative. 

9. Let it be required to construct the equation 

ab 
a? = — . 
c 

Draw two indefinite ri^ lines AE, 
ABf making an angle with each other. 
From Ay lay off a distance AC = Cj also 
the distance AB = a. Then from A, lay 
off AD = 6; join C and D^ n>d through 
B draw BE parallel to CD ; then will AE be equal to x. 

For, we have by similar tnaaglet^, 

AC : AB :: AD : AE; 




or -> c : u : : b 



X. 



Hence, the line AE is represented by x^ 

2* 
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18 ANALYTICAL GEOMETRY. 

10- Let it be required to construct the equation 

Since the terms of this eqxiation are not homogeneous, we 
l&ust pass to the denominate equation, which gires 

X A B 

or . . IX=AB. 

Hence, we see that jf is a fourth proportional to Z, A, and B. 
In the last equation, X has the same numerical value as x 
ia the given equation, and since I is the imit of length, the 
product IX contains the same number of units as X But 
the imits of x are abstract imits 1 ; those of X are units of 
length ; and those of Z jf are imits of surface. 

11. Let it be required to construct the value of a? in the 

equation 

abc 

■ '=W' 

The equation can be placed mider the form 

abxc 
dxf 

thirst, find a fourth proportional g to the three quantities (2« 
a, and &, that is, make 

d : a :: b : g which gives gziz—. 

We then have, w^gx-r-^ 

From which we see, that x is* a fourth proportional to /, y, 
and c. In the same manner we might construct aU equations 
similar to the above. 
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BOOK I. 19 

12 Let it be required to construct the yalue of a? in an 
equatiou of the form 

^^ ahc + dfg ^ 
hm 

It may be put under the form 

hm hm 

and each term constructed separately; the sum of the sepa- 
rate results will be the value of x. 

13. Let it be required to construct the equation 

01 • - 07*= aft, 

ia. which it is plain, that op is a mean proportional between 
a and b. 

Draw an indefinite right line AB, and ^ <^ 

from any point as A make AB =a, and / ^. 

then 'BC=Ik On AC as a diameter / \ 

describe a semicircle, and from B draw a EC 

BD perpendicular to AC; then will BD be the value of a?.. 
For, (Geom. Bk. IV, Prop. XXIII, Cor), 

BD^zrzABxBC. 

14/ If we have an equation of the form 

a? = Va« + ft*, 

it is evident that x represents the hypothenuse of a triangle 
whose two other sides are represented by a and 6. 

15. If we have an equation of the form 
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20 ANALYTICAL GEOMETRY. 

it 18 plaitty that x will be the side of a right-angled triangle, 
of which a is the hypothenuse and h the third side. 

16. The methods ahready explained are sufficient to con- 
struct all equations of the first degree, and also all equations 
gf the second degree involving but two terms. We will now 
explain the manner of constructing the complete equations of 
the second degree. The first form is (Alg. Art. 144), 

«* + ^ax = h\ 

The equation can be put under the form 

a?(a?+2a) = 6*; 

from which we see, that & is a mean proportional between x 
and x + 2a. 

To construct this ^nation, draw 
AB and make it equal to h. At 
B erect the perpendicular BC and 
make it equal to a, and join A and 
C. With C as a centre, and CB 
as a radius, describe a semi-cir-^ 
cumference cutting AC in E, and AC produced in D; then 
will AE ha equal to x. For (Geom. Bk. IV, Prop. XXX), 

AE {AE + 2£C) = i5" = 6*, 
or - - a?(a? + 2a) = 6*. 

If we solve the equation, we find 

37=— a+ Vi* + a*, and a?= — a— Vi* + a*. 

Having described the trian^e ABC, as before AC will iet>- 
resent the radical part of the values of x. 

For the first value of a?, the radical is positive, and is laid 
off firom A towards C: th^ —a is laid off firom C to £, 
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leaTing AE positive, as it should be, since it is estimated 
fh)m A towards C, 

For the second value of a?, we begin at D and lay off DC 
equal to — a; we then lay off the minus radical from C to il, 
giving — DA for the second value of x. 

Let us now see if this value will satisfy the equaticm, 

or . -AD(-A£)=6«, 

or - ADxAE = AS^. 

17. The second form of equations of the second degree is 

ir* — 2<3fa? = 6*, 
which gives for x the two values, 

a? = a + V6* + a* and a? = a — V6* + a*. 

The first value of x is repre- 
sented by ADy estimated from A 
ioD. 

The second value is +EC^ CA, 
the latter being estimated from C 
to A; this leaves — EA estimated 
froin E to A. 

The positive root in the first construction corresponds to 
the negative root in the second ; and the negative root in the . • 
first to the positive root in the second. This is as it should 
be, since one of the forms changes to the other by suj)stituting ^ 
— a? for X. 

18. The third form is 

a?* + 2aap= — &■, 
which gives « = — a + Va* — 6* and « = — a — Va* — 6*. 
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Draw an indefinite right line FA^ 
and from any point as A lay off a 
distance AD == ^ct, and since a ia 
aegatiTei we lay off its yalue to the- p 
left. At Df draw DC perpendicn^ 
lar to FA and make it equal to b. Willi C as a centve, and 
CB = a as a radius, describe the arc of a circle cutting FA 
in B and JB. Now, the value of the radical quantity will be 
BD or DE. The first value of x will be — AD plus DE. 
equal to — AE- The second, will be —AD +{^DB) 
equal to —AB: so that both of the roots are negative and 
estimated in the same direction from A to the left. 

19. The fourth form of equations of the second degree, is 
a;* — 2aa?= —6* 
which gives « = a+ Va* — 6* and « = o — Va* — 6*. 

Construct the radical part of the 
value of X, as in the last case. 
TTien, since a is positive, we lay 
.ctf its value AD from A towards 
the right. To AD we add DB, 
which gives AB for the first value of x: and from AD we 
subtract DE, which leases AE for the second value of a?. 
Both values are positive, and are estimated in the same 
direction *from A to the right. 

In the two last forms, if a and b are made equal, the two 
values^ of a?, become equal to each other (Alg. Art. 148). 

The geometrical construction conforms to tMs result. For 
when a = b, the arc of the circle described with the centre 
C, will be tangent to AB at D, and the two pobits E and 
B wiU unite, and both the roots will become equal to AD. 

If 6* be made greater than o^ the value of ^ in the two 
last hrxQs will be imagiaary (Alg. Art. 147). 
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The geometrical construction also indicates this result. 
For, if 6 exceeds a, the circle described with the centre C 
and radius equal to a will not cut the line AB, 

Hence, the imaginary roots of an equation give rise to 
conditions in the construction which cannot be fulfilled; €md 
this should be so, since the imaginary roots can never ofpeat^ 
unless the conditions of the equation are inconsistent icitk 
each other (Alg. Art. 147). 

Of Determinate Problems. 

20. No general rule can be given for the* solution of 
geometrical problems. Every new case presents fresh diffi- 
culties, which can only be overcome by ingenuity and skill. 

In the solution of geometrical problems, by means of 
Algebra, the following directions may serve as useful guides. 

1. Draw a figure which shall represent all the known and 
required parts of the problem ; and then such other lines as 
may be necessary to establish the relations which exist be- 
tween them. 

2. Represent the known lines by the first letters of ^e 
alphabet, a, 6, c, d, &;c.; and the required lines by a?, y, z, &c. 

3. Consider the geometrical rektions which exist between 
the known and unknown lines of the figure, arid express those 
relations by equations. These equations must^be equal'in 
number to the unknown quantities employed. 

4. Find, from these equations, the values of the tdknown 
quantities. 

5. Construct these values, and unite, if possible, all the 
ines in a single figure. 
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PROPOSITION I. PROBLEM. 

Having given the base and altitude of a triangle, it is re- 
quired tojind the side of the inscribed square 

Let ABC be a triangle, in which there 
are given, the base ACy and the altitude 
BH; it is required to find the side of the 
inscribed square. j — D H G 

Suppose the square DEFG to be inscribed in the triangle, 
and BH to be drawn perpendicular to the base AC. 

.Designate the base AC by 6, the perpendicular BH by hy 
and the side of the inscribed square by x. 

Then, since EF is parallel to the base AC, we have, by 
similar triangles, 

/ AC : BH .: EF : BI; 




that is, 



A — a?. 



t>r by placing the product of the means equal to that of the 
extremes, 

6A — &a? = hxy 

bh 



or 



0? = 



6 + A' 



hence, the numerical value of x is determined, when the 
values of b and h are ki^ovm. 

But we can also find a? by a geometrical construction, since 
it is a fourth proportional to the three lines 6 + A, 6, and 
h (Art. 9). It should, however, be found in such a manner 
as to connect all the lines with the given and required figures. 

Produce the base AC, and 
on the prolongation lay oflf CH' 
equal to the altitude A. At H\ 
draw H'B^ perpendicular to 
AH\ and make it equal to h; 



•^ 



JB' 



E 


/ 


\ 


F 


,^^^ 


/ 


^ 


■^ 


\ 





G C 



H! 
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i9i C, draw CI' also perpendicular to the base AC. Join A 
and B^, and through F, where the line cuts CP, draw a line 
parallel to the base : then will DEFG be the required 
square. 
For^ we have from the similar triangles AlfB^ ACP, 

AH' : H'B' :: AC : CF or FG; 

that is, b + h : h : : 6 : FG; 
bh 



hence, 



FG = 



b + b' 




and since this relation is the 45ame as that before determined^ 
it follows, that FG is the side of the mscribed square. 

Scholium 1 . The conditions of ^,i 
the problem fix the value of the 
base AC of the triangle, and alsOjgi 
of the altitude BH. They do 
not, however, determine the po- 
sition of the vertex B. For if 
B^'B' be drawn parallel to AC, and at a distance from it 
eqpial to A, the conditions of the problem would be satisfied by 
taking the vertex of the triangle at any point of this line, since 
all the triangles, AB^'C, ABC, &c., would have the same 
base AC, and an altitude equal to h. The base and altitude, 
however, determine the side of the inscribed square, since the 
triangles B'^AC, B'^E'F'y will always be similat: hence, the 
inscribed square will be equal in all the triangles. 

There are, nevertheless, three cases wK^^^ should be dis- 
tinguished from each other. 

1st. When the angles A and C are l)oth acute, the square 
will fall entirely within the triangle, as in the triangle Ai?G. 

2d. When one of them is a right angle, one angle of the 
square will coincide with it, and two sides of the square will 
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coincide in direction with the two sides about ihe right angle, 
as in the triangle AB^^C. 

Sd. When one of the angles is obtuse^ the square will fall 
partly without and partly within the triangle, as in the triangle 
AB^^^C : and consequently the problem will be impossible in 
the strict sense m which it 19 enunciated. 

Scholium 2.. If in addition to the base and altitude we 
also know the angles A and C, the triangle will then be en- 
tirely determined, and the side of the inscribed square may be 
found by the following construction. 

Draw BH perpendicular to the base AC, 
and produce it until HB^ is equal to the base 
b. At B' draw B'C perpendicular to BB', 
and at C draw CC^ perpendicular to AC. 
TTirough C, the point in which these two" 
lines intersect, draw BC\ From A where 
BO intersects AC, draw DE perpendicular 
to the base AC, and through E draw EF, 
parallel to the base : then will DEFG be 
die required square. 

For, we haye by similar triangles 




Ba : BD 
and BC : SD 

hence BB' : BH 

or b + h : h 



BB' : BH, 

CCy : ED; 

Ct' : ED; 

b : EDy 



.hence 



ED = 



bh 



b + h' 



Md therefore ED is the side of the inscribed square. 
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PROPOSITION n. PROBLEM. 

Having given the 6cwe and altitude of a trianghy it is 
required to inscribe within it a rectangle whose sides shall 
fuwe to each ether « given ratio. 

Let ABC be the triaogk, having it8 
base iiC = 6> and the altitude BH—h. 

Let X designate the side of the rect- 
angle which is perpendicular to the base, ^ 
y the other side, and n tbe ratio of the 
sides : that is, 




1--^ 



or 



:7Kr. 



Then, from the similar triangles BACy BEFy we have, 

AC : BH :: ^P : Biy 

which becomes h : h : : y : h-^x: 

from which we obtain iA — . 6a? = Ay. 
But we have also found y = nx. 

Combining these two equations and eliminating y, we obtain 

bh 



x = 



b + nh' 



an expression of the same fbmi as that for the side of the 
inscribed square in the last problem, excepting that we have 
nh in the denominator instead of A. 

But since n is a ratioy it is an abstract number, therefore 
the expression nh is linear, and implies that t£ie Une tep* 
resented by A is to be taken as many times as there are 
units in n. 

We shall give a construction somewhat similar to the last, 
and which is equally applicable to both problems. 
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Produce the base ACy and ^ 

on the prolongation lay off CIT 
equal to nh. Through IT draw 
irB' parallel to CB, and 
through the vertex S draw -^ ^ 
BB^ parallel to the base AC^ Join jB^, their point of inter- 
section, with A, and through F draw FG perpendicular, and 
FE parallel to the base AC: then will DEFG be the 
required rectangle. 

For, having drawn B^P perpendicular to AITy we have, by 
similar triangles. 





AB' : AF 


:: AJy 


: AC, 


and 


AB' : AF 


:: B'P 


: FG; 


hence, 


Air : AC 


:: B'P 


. FG; 


that is, 


b + nh : b 


:: A 


■ FG, 


or 


FG 


bh 


__ • 



b + nh 
hence FG, or £D, is the'side a? of the inscribed rectangle. 

PROPOSITION IIL PROBLEM. 

To draw a common tangent line to two circles in the same 
plane — their radii and the distance between their centres 
being known. 

Let C and (7 be ther 
centres of the circles, and 
CM, CM' their radii. 

Let the distance betwen 
their centres be designated 
"by a, and tl^eir radii by r 
and r^. 
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Let us suppose the {problem solved, and tb^ MM^Tt oar 
mm'Tf is a coounon tangent line to both the orclos; and 
designate the distance CT hy »« 

Now, since the triangles TMC and TM^O are similar, 
we have 

CM : CM' : : CT : C'T ; 

that is, r : r' : ; a? : a? -• a, 

or rx — ra^f'x; 

hence, x =± ^ , ; 

from which we see that a? is a fourth proportional to the 
three lines r-^r^^ a, and r, and this relation will enable lis 
to draw the tangent line. 

Through the centres C 
and C draw any two par- -^ 
aUel radii, as CN, CN\ 
ThrougTi N and N'' draw 
the right line NN'T, inter- 
secting CC produced at T. m 
Through T draw a tangent to one of the circles (Geom. Bk. 
Ill, Prob. XIV), and it wiU also be tangent to the other. 

For, through N'y draw N'D parallel to CC, and we shall 
have, by similar triangles, 

ND : DN' or CC : : NC : CT; 
or r^r" : a :: r t CT, 

hence, cr=^?^r 

the same relation as before established: hence the line NN'Ty 
and the tangent line to both the circles, intersect the line CT 
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at the saine ^ogit ; and, therefore, TAT, drawn tangent to one 
of the circles, will also be tangent to the other. Now, since 
two tangent lines can be drawn through the point T to either 
. al^the circles, it follows, that two lines can be drawn tangent 
to both of them : one on each side of TC. 

Scholium 1. Let us now suppose the larger radius r to 
remain constant, and the smaller radius r^ to increase. 

In the equation which expresses the yalue of CT^ the 
numerator ar will remain constant, while the denominator 
r-^r^ will continually diminish. When r^ becomes equal to 
r, the denominator will become 0, and the value of CT will 
then become infinite (Alg. Art. 109). 

The geometrical construction corresponds with this result : 
for, when the radii r and r^ are equal to each other, the tan- 
gent MM^T will be parallel to CT, and therefore will not 
intersect it at any finite distance firom C 

Scholium 2. Let us suppose r' still to increase, in which 
case it will become greater than r. The denominator will 
then become negative, and since ar is positive, the value of 
*Cr will be negative. 

The geometrical construction also corresponds with this 
supposition. For, if r* is greater than r, the point T will 
fall on the left of the centre C ; and the negative sign merely 
indicates that CT must be laid oflf in a direction contrary to 
that in which its plus value was taken. 

Scholium 3. There are yet two other tangents which 
inay be drawn to the two cindes. These will also intersect 
the line CCy at the same point, but the point will be between 
the centres C and C^. 
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Let C and C^ be the cen- 
tres of the circles, r and r^ their 
radii, and MTM^ the common 
tangent line. 

Let the distance CT be 
again denoted by x. Then, 
since the two right-angled trian- 
gles TMCy TM'Cy are similar, we have, 

CM : CT : : OM : TC% 
or r : X : : r^ : a^x; 

hence ar — rx^zr^x^ 

from which we find 



a? = 



ar 



to 



an equation which shows that a? is a fourth 
r + r^y a, and r'. 

To make the construction, 
draw through C and C^ the 
parallel radii CN and C'N'y 
lying on different sides of the 
line CC Join N and N'.- 
Through T, where the line in- 
tersects CC% draw two taQgents to either of the circles, and 
they wiU also be tangent to the other. 

For, through N', draw N'D parallel to C(7. Then by 
similar triangles, we have 




that is, 



ND : DN' :: NC : CT; 
r + r" : a :: r : CTj 



CT= 



ar 



r + r" 
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and as this is the same relation as that before found, it fol- 
lows that a tangent line drawn through T to one of the 
circles, will also be tangent to the other. 

Scholium 4» The problems which have already been 
pressed, have been resdred by equations of the first degree. 
We shall now add two that depend on equations of the second 
degree. 

PROPOSITION IV. PROBLEM. 

To construct a rectangle^ knowing the surface^ and the dif- 
ference of two adjacent sides. 

Let X denote the largest side of llie rectangle, and 2a the 
- difference of the sides: then x-^Za will represent the 
less side. 

Let h represent the side of a square equivalent to the sur- 
face of the rectangle. 

Then, since the surface of a rectangle is equal to the pro- 
duct of its two adjacent sides, we have 

a?(a?— 2a) = &*, or ac* — 2aap = 6* 

ResolTing the equation, we have 

a? = a + V 6* + a*, and a? =: a — V5* + a*. 

These are the same values for 
. ?? as found in (Art. 17), and there- 
. fore the first may be represented 
• Tby AD and the second by— AE. 
Let us first consider the posi- 
, tive value of a?. If from this /= 
value we subtract the difference of the sides 2a, the remainder 
will be the less side : that is, 
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a + Vfe* + a'— 2a=:—a + -/ fe» + a* = less side, 

then, (a + V6* + aO X (-a + Vfe* + o0 = 6*: 

hence, the values found for the two sides are verified. 
If we take the second value of a?, we have, 

a — V6* + a*— 2a = — o — V6' + a*= the less side. 

The term less is here to be understood in its algebraic sense, 
viz : if two quantities are both negative, that is algebraically 
the less which has the greater numerical value. 

The product of the two sides of the rectangle which are 
found by using the second value of a?, is 

(a-V6« + a«) x(-a-.'/6«+a«) = 6»; 

hence, these two values for the sides are verified. 

The first value of a?, gave for the sides of the rectangle the 
two lines AD and AE, the product of which is equal to AB^ ; 
that is to the area of the given rectangle. 

The second value of x gives for the sides of the rectangle 
the two lines — AE and — ADy and their product is also 
equal to AB*. 

Hence, we see, that either value of x will satisfy the 
enunciation of the problem understood in its algebraic sense 
(Alg. Art. 105) ; for when so understood it is not required 
that the parts sought should be positive. 

Scholium. By comparing the two values of a?, it is sewr 
that the second value taken with a contrary sign expresses 
the less side of the rectangle. Why ought this to be so ? 

In every algebraic question, it is proposed to find one or 
more quantities firom the relations which they bear to certain 
other quantities that are known, and these relations axe to be 
expressed by equations. 
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Now, if the required quantity be represented by an alge- 
braic symbol, and the conditions of the question be then com- 
bined, produckigaa equation ; and if the required quantity be 
represented by a second symbol, and the conditions again 
combined producing precisely the same eqimtioii, ought not 
this equation to give the true solution in both cases ? 

This is precisely what has occurred in the problem. For, 
we first represented the greater side by + or, and found the 
equation 4o be 

Had we represented the less side by — a?, as we were at 
liberty to do; then 

— ar + 2a == the greater side, 
and — a?(— x +Ala) = a^ ^2ax = b\ 

the same equation as before. 

Now, this equation ought to give aot only the greater side 
of the rectangle which wasr first represented by + a?, but also 
the negative value of the lem side, which in the last case is 
represented by — a? ; and this it does, for we iave already 
shown that the second value of a? in the equation is equal to 
the less *si4e of the rectangle taken with a contrary sign. 

The second value of a?, before its sign is changed, must be 
treated as the greater side of the rectangle ; for, it enjoys the 
algebraic properties of that side ; but, by changing its Sign it 
becomes the less side of the rectangle. 

pRoposinoBr v. problem. 

To divide a straight line into two suck parts that the 
greater part shall be a mean proportional between the whole 
line and the less part. 

liCt b denote the given line, and x the greater part : then 
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will 6 — a? express the lees part. Then, by the coxulition 
of the question, 

a?» = 6(6 — a?), or a^ + bx = b^, 
from which we find 



and make it equal to -^ and '^, — - j^ * Jc^ '^ S 




^=-T + \/^' and x=-:|-V^- 

To construct these values, 

draw the indefimte straight 

line XJ7, a«d make £D 

equal to b. * At jB, draw 

J5C perpendicular to DB , 
b - ! 

draw DC. With C as a centre and CB as a radius, de- 
Scribe" the circumference of a circle intersecting DC at E^ 
and DC produced m E. With,jD as a centre, aad DE^ as 
a radius, describe the arc\E^J!L : then will X be the point at 
which the line DB is to t)e divided. 

For, th^ radical part of the* values of x is represented by 
DC : henc€v the first value of x is represented by DE^, and 
the second, by -DE (Ajt. 16): therefore, DE' or D^will 
represent the greatest portion of the given line. To verify it, 
we have, 

6-(-|-+>/?+|) = |6--V^vf^ les&part. 

But we haVlB 

sinoQ eac]^ is equal to 
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Let us now consider the second value of x. 
If we square this value of a?, we have, 

which is equal to . 

hence, the second value of x is also a mean proportional 
between the given line h and the diflference between h and 
the second value of x; and therefore this value of x fulfils 
one of the principal conditions of the question. But it was 
required to divide the line h ; and since the second value of 
X is greater than 6, it cannot fulfil this condition. 

But let us enunciate the problem in a general manner: thus, 
It is required to find a point on a given line BDy or on BD 
producedy suchy that the distance to D shall be a mean pro- 
portional between the distance to B and the given line DB. 

If we denote the given line by 6, and the distance from D 
to the given point by a?, we shall have, 

a?* = 6(6 — a?), or a^ + bx = b*; 

the same equation as before, and which gives the two roots, 

^=-|- + V6* + *^, and ^=.-l-^6«+^. 

The first talue of x gives 
the distance DX, and the 
second value of x, the dis- 
tance — DX^ laid oflF in a 
contrary direction : hence, 
there are two points, X , 
and JC which fulfil all the 'jp 
ccmditions. 
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By the first enunciation, the second value of x was ex- 
cluded firom the results, since the conditions required the 
point to fall between D and B. The problem might have 
been so enunciated as to have excluded the first value of 
x: thus, 

To find a point on the line DB produced, such, that the 
part produced shall be a mean proportional between the 
whole line and the given line DB. 

Denoting the given line by b and the part produced by 
— Xy we have 

oo^ = b{—x+b\ or a^ + bx = b^y 

the same equation as before. Hence this equation which is 
the algebraic expression for the three enimciations ought tu 
give the result for each case. Indeed, the fiirst and third 
enunciations are but particular cases of the second, which is 
the enimciation of the problem in its most general sense. 

We see from this discussion, that a problem may be so 
restricted in its enunciation as to be solved by one of the roots 
of an equation of the second degree, and not by the other ; 
and that at the same time a similar problem may be solved by 
the second root and not by the first. The two problems, • 
however, are so related to each other, that the conditions can 
be expressed algebraically by the same equation : indeed, they 
are but particular cases of a more general problem to which 
each root of the equation is* a proper answer. 

Having given a sufi&cient number of examples to indicate • 
the general method of tolving geometrical problems by alge- 
bra, we shall proceed to the second branch of the subject, viz : 
the investigation of the properties of lineup surfaces, and solids, 
by means of algebra ; and it is this, which, strictly speaking, 
constitutes the science of analytical geometry. 

4 
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BOOK II. 

Of the Point cmd Straight Line in a Plane^^Probkms 
relating to the Straight lAne-^TransformaHon of 
Co-ordinates — Polar^ Co-ordinates. 



1. In every detenninate problem, the conditions of the 
question limit the number and determme the values of the 
required parts. Therefore, each algebraic symbol which is 
employed, represents but a single part of a geometrical figure, 
and the equations of the problem only express the relations 
which exist between the given and r^^fuired parts. 

2. When it is proposed to investigate the general properties 
of geometrical figures by analysis, (and such investigations 
constitute the science of analytical geometry,) it becomes 
necessary to assign different values to the same symbol, in 
order that it may represent, in, succession, different pajts of 
the ^ame figure. 

Let it be proposed for exa9iple, to find an algebraic ecc- 
pr^ssion which shall represent all the points in the circum- 
ference of a given circle. 

Let C be the centre of the circle, 
. alid CA its rjadius. 

Paving dr^wn the diameter ABy 
take any point in the circumference 
a9 A and <kaw DE perpendicular to 
AB. Denote tihe distance AB by 2r,, 
the distance AIS by Xy awd the peij- 
pendicular DE by y: then l^B vnll be represented by 
2y — flp. 




Digitized by VjOOQIC 



BOOK n. 39 

« 

Now, DE is a mean propoitional between the segments 
AE, EB (Geom. Bk. IV, Prop. XXIII, Cor), that is 

M'^AEyEB; 

or by substituting the letters which represent the lines. w« 
have 

y* =:i a?(2r — a?), or y* = 2ra7— -a?. 

Since the. relation between DJB and the parts of the diame- 
ter iiJE, EBj is the same for any point of the circumference, 
it follows that this equation may be made to represent each 
and every point, by assigning to y and x all possible vahies : 
that is, all possible values which they can have and at th6 
same time satisfy the equation 

Let us suppose that in this equation we make a? = •— ^r, 
the equation will then become, 

or - - y±=±— rVX: 

hence, there are two values of y, and these values have con- 
trary signs : which indicates that one is to be laid off above 
the diameter AS, and the other below it. ' . 

We might show, in a similar manner, that for every value 
of a?, between A and 5, or between the limits, and 2r, * ' 
there will be two corresponding values of y with contrary 
signs. 

If we assign any value to y, between the limits and r, 
that is, suppose it equal to a known quantity 6, we shall have 

6« = 2ra7 — a^, 
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which equation will give two values of a:, and these values 
• can be found since x is the only unknown quantity. 

Hence, we see, that, if a particular value be given to y, the 
corresponding values of x can be determined from the 
equation. 

3. The line D£» which is represented by y in the equation 

is called the ordinate of the point D; and AE^ which is 
represented by x^ is called the abscissa of the point D: and 
the two taken together, are called the co-ordinates of the point 
D. This equation expresses the relation which exists between 
the co-ordinates of every point of the circimiference, and is 
called the equation of the circumference ; or simply, the 
equation of the circle. And generally, 

TTie equation of a line is the equation which expresses the 
relation between the co-ordinates of every point of the line^ 

r 4» Li the equation 

y*=2ra: — a?*i 

the radius r remains the same for all values that may be at- 
tributed to y and x. We therefore, caU r a constant quantity, 
and y and or, variable quantities. 

There axe, therefore, two classes of quantities to be consid- 
ered in analytical geometry ; 

1st. The constant qiuintitiesy which preserve the same 
* values in the same equation ; and, 

2dly. The variable quantities^ which may assume all pos- 
sible values that will satisfy the equation which expresses 
the relation between them. 

These two classes correspond to the known and imknown 
quantities of determinate problems. 

If, in the equation of a line, we attribute a particular value 
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to one of the co-ordinates, the corresponding value of the 
^ther will become known. / 

Thus, in the equation 

if we make x =i r^ 

we have y« = 2r» — r» = r", 

or y —r. 

The reason of this is evident. For, 60 long as w^ have 
one equation and two imknown quantities, there is an infinite 
number of systems of values which will satisfy it (Alg. Art. 
103). But when we attribute a particular value to one of the 
co-ordinates, we introduce a new condition, and consequently 
a new equation. The number of equations being then equal 
to the number of unknown quantities, the remaining co-ordi- 
nate ought to be determined in value. 

4. By considering the equation 

y* = 2rx — «•, 

we see, that y* will only be equal to 2ra: — a?, or in other 
words, the eqtuztion will only be satisfied, so long as the point 
/) is in the circumference of the circle. For, if it is tiike» 
within the circumference^ y will be less than DE^ and we 
shall have 

y*<2ra: — aj*; 

and if it be taken without the circumference, , 

' y*>2rflr — «^. 

We will therefore state two propositions, whidi we shall 
hare fireqoent occaMon to verify. 
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1st. If the co-ordinates of any point of a line be substi- 
tuted for the variables in the equation of the line^ that equa 
tion will be satisfied. 

2d. If the co-ordinates of any point, not of the line^ be 
substituted for the variables in the equation of the line^ the 
equation will not be satisfied, 

6. Having riiown by a particular example something of 
the nature of Analytical Geometry, we shall proceed to treat 
the subject in a more general manner. 

In the first seven books, all the points and lines which are 
considered, are supposed to lie in the same plane. The 
^maining books will treat of the geometrical magnitudes 
having any position in space. 

6. The terms^ straight line^ and plane, will be used, as in 
Descriptive Geometry, in their most extensive signification. 
That is, the straight line is supposed to be indefinitely pro- 
duced, in both directions, and the plane is supposed to be 
indefinitely extended. When a limited portion of either is to 
be considered, it will be particularly designated. 

7. We shall first explain the manner of expressing, by the 
algebraic symbols, the position of points and lines on a given 
plane. ^ 

For this purpose, draw, in the plane, / 

any two lines, as X^AX, YAY^, inter- r y- — j 

secting at A, and making with each -^ / / / 
other a given angle YAX. ' 75 — ^ 

The line X^X is called the axis of I 

abscissas, or the axis of X; and YY\ Y' 

the axis of ordinates, or the axis of Y. The two taken 
together are called the co-ordinate axes, and the point A^ 
where they intersect, is called the origin of co-ordinates. 
The angle YAX is called the^ first angle ; YAX\ the second 
mgle ; X'A F, the third angle ; and TAX, the fourth angle. 
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8. Let P be any point in the given plane. Through P 
draw PD parallel to AY, and PC parallel to AX Then, 
AD, or CPy is called the abscissa of the point P: PD, ox AC 
is called the ordinate of P; and the lines PJD, PC, taken 
together, are called the co-ordinates of the point P. 

Hence, we see, that the abscissa of any point is its distance 
from the axis of ordinates, measured oh a line parallel to the 
axis of abscissas; and that the ordinate of any point, is its 
distance from the axis of abscissas, measured on a line parallel 
to the axis of ordinates. The co-ordinates may also be mea- 
sured on the axes themselves. For, AD, AC, are equal to the 
co-ordinates of the point P. 

The co-ordinates of points are designated by the letters cor 
responding to the co-ordinate axes : that is, the abscissas are 
designated by the letter x, and the ordinates by the letter y. 

9. If the co-ordinates of a poiiit are given, or known, the 
position of the point may be found. For, let us suppose that 
we know the co-ordinates of any point,. as P. Then, from 
the origin A, lay off on the axis of abscissas a distance AD 
equal to the known abscissa, and through D draw a parallel 
to the axis of ordinates. Lay off on the axis of ordinates a 
distance AC equal to the known ordinate, and through C 
draw a parallel to the axis of abscissas : the point in which it 
meets DP will be the position of the point P. 

When the co-ordinates of a point are known, we have, 

a? = a and y=6; 

and these are called, the equations of the point. 

Hence, tJie equations of a point determine its position on 
the plane of the co-ordinate axes. 

It IS evident that, by giving all possible values to a and b, 
the equations of the point P may be made to designate, in 
succession, every point within the angle YAX. ^ 
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y 

10. Let us now consider a point P^ p, 

within the second angle YAX\ f" 

The abscissa of this point is Aiy^ j 

and if the points P and P' are equally-^' j^i jy 
distant from the axis Y^ Yy the abscissas 
A A AJy will be equal to each other. 
By what notation are these abscissas to be so distingnshed 
from each other that they may both enter into the same gene«> 
ral equation ? Let us endeavor to explain. 

Take any point, as A^ on the axis of abscissas, and at a 
given distance from A, and designate that distance by a. 
Let us suppose, for a moment, that A"" is a new origin of co- 
ordinates, and let the abscissas of points referred to this new 
origin be designated by a/. 

Now, if we suppose the abscissas which are laid off from 
A to be designated by a:, as before, we shall have 

A'H = A' A + AD ; that is, 

a/ s= a + 0?; 
and also 

A'ly^A'A^Aiy; 

or a/ = a — 0?. 

If now, we take the first equation, 

a?' = a + a?, 

we see that this equation will express the value ot the 
abscissas a/ for every point in the plane of the co-ordinate 
axes, promdedy we change the sign of x die moment the 
point falls on the left of the axis of ordinates YY\ Hence, 
the abscissas of points may he expressed in a general man" 
nsTy if those which fcdl.on the right of the origin are regarded 
mpositivey and those which fall on the left^ as negative. 
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The equation 



a/ = a -h a?, 



conforms to this principle with respect to the origin A\ 

For, if the point IK should fall on the left of A\ x would 
be negative and greater than a ; the second member of the 
equation would, therefore, be negative, and consequently oc^ 
would be negative, and therefore the abscissas af are nega- 
tive wheii they fall on the left of the origin A\ 

Since the abscissas of all points in the first and fourth 
angles fall on the right of the origin, and the abscissas of all 
points in the second and third angles on the left, it follows, 
that the abscissas of all points in the first and fourth angles 
are to be regarded aspositive^ and the abscissas of points in 
the second and third angles^ as negative. 

11. Let us now see if the ordinates have similar signs. 

Take any point, as A^, on the axis 
of ordinates, for a new origin of co- 
ordinates, and denote its distance from j|r/ 
A by 6, and designate the ordinates 
estimated from the new axis of abscis- 
sas A'X'', by /. 

We shall then have, for the point P, 

A'C=zA'A + AC; 
that is, / = 6 + y; 

and for P', below the axis XX^, 

A'C^A'A^ACy, 
or j/ =^ h ^ y. 

The first equation, 

will express the value of the ordinate y^ for every point in 
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the plane of the co-ordinate axes, pro» 
vided, we change the sign of y the 
moment the point falls below the axis 
of abscissas X^X. Hence, the ordinates 
may be expressed in a general manner ^ 
by regarding those which are above the 
aads of abscissas as positive^ and those 
which fall below ity as negative. 
The equation 

y'^i+y 

confbnns to this principle with respect to the axis A^X^\ 

For, if the point P" should fall below A'X'', y would be 
negative, and greater than 6 ; the second member of die 
equation would, therefore, be negative, and consequently y^ 
would be negative ; and therefore, Uie oxdinates y are nega- 
tive when they fall below the axis A^X^\ ' 

Now, since the ordinates of aU points in the first and 
second angles are above the axis of abscissas, and the ordi- 
nates of all points in the third and fourth angles below it, it 
follows, that tAe ordinates of aU points in the first and second 
angles are to be regarded as positive ; and' the ordinates of 
all points in the third and fourth angles j as negative, 

12. Let us now consider separately, the equations which 
determine the position of a point in the plane of the co- 
ordinate axes. 

The equation 

will be satisfied for every point of a 

straight line drawn parallel to the axis _^__^___^_ 

of F, on the right of the origin, and 7 / / 

at a distance firom it «qual to a : hence, it will be the equa- 
tion of that line. 
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The equation 



07= —fl. 



k the equaticHi of a straight line, similarly drawn on the left 
of l}ie origin. 
The equation 

is the equation of a straight line, drawn above the axis of 
abscissas, and at a distance from it equal to b : and 

is the equation of a Une similarly drawn below the axis of X 
These four straight lines determine, by their intersections, 

the four points, P, P', P^% P^^*; one in each of the four 

angles. 

The following are, therefore, the equations of a point in 

each of the four angles : 

1st angle, ^r = + a, y = + 6. 

ad angK xzzz^Or y^+b. 

3d angle, a: z= — a, y = ^ t. 

4th angle, a?=+«> y=--& 

We see, by inspecting thqse remUs, ikat the signs of the 
abscissas in the different angles, correspond to the algebraic 
signs of the cosines in the different quadrants of the circle ; 
and that the signs of the ordinates, eontfspond to the alge- 
braic signs of the sin» (Trig. Art. XII). 

13. If in. the equation ^ 

or =5 a oi: x^s-^a, 

we make a = 0, the line will coincide with the axis of Y. 
Hence^ 1ke equatiens <^ Ae axis of Y, are 

x = and y indeterminate: 
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that is, we must he able to assign all possible yalues to y in 
order to eiqjress every point of the axis of Y. U^ however, 
we wish to designate a particular point, we make y equal to 
its distance from the origin, plus if it is above the axis of JT, 
and minus if it is below. 
Therefore, the equations of a point on the axis of Y, are 

a? = and y=±&. 

14. If we take the eqiadon 

y = 6, or y = — 6, 

and make 6 = 0, the line will coincide with the axis of X; 
hence, the equations of the axis of JT, are 

y = and X indeterminate; 

and for a point on the axis of JT, 

y = and a? = ± a. 

15. The origin of co-ordinates being in both the axes, its 
equations are 

a? = and ^ y = 0. 

PROPOSITION I. PROBLEM. 

To find the equation of a straight line 

Let A be the origin of co-ordinates, 
and AJT, AY, the axes. Through A 
'draw any straight line, as AP, making 
with the axis of jf an angle equal to «. 
Denote the angle YAX of the co-ordi- 
nate axes by /S. 

Take any point on the Une, as P, and draw PD parallel to 
the axis of Y : then PD vnll be the ordinate, and AD the 
abscissa of the point P. 
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Since PD is parallel to the axis of oabnates, the angle 
APD is equal to PAY : that is, equal to i8 — «. 

No\ir, since the sides of a triangle are to each other as the 
sines of their opposite angles, we have, 

PD : AD : : sin « : sin (/I — «). 

But PD is to AD, as any ordinate y of the line AP to the 
corresponding abscissa a? : therefore, 



y : J? : : sin « : sin (/J — «), 



which gives. 



y=:zx 



sm « 



sin (/3 — «) ' 



and this is the equation of the straight line AP^ since it ex- 
presses the relation which exists between the co-ordinates of 
every point of the line. 

If now, we draw a line parallel to 
APy cutting the axis of Y at a dis- 
tance from the origin equal to b; it 
is plain that for the same abscissa 
Xy the ordinate y of this new line 
will exceed the ordinate y of the line 
through the origin, by the constant 
quantity b: hence, the equation of the last line will be 




y = x- 



sm «ft 



sin (i3 — «) 



+ b. 



If the parallel cuts the axis Y v 

below the origin of co-ordinates, the 

value of y in the new line, will be 

less than the value of y in the line 

APj by the constant quantity b; 

and in that case, the equation of the 

)>anillel becomes 

6 
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y=zx 



Sin « 



sin (A — «) 



Scholium 1. Since the line PD 
is parallel to the axis of Y, the 
angle APD is equal to the 
angle PAY: hence, the coefficient 
oj X is equal to the sine of the 
angle which the line makes with 
the axis of X divided by the sine 
of the angle which it makes with the axis ofY. 

Scholium 2. Thus far, we have supposed the co-ordinate 
axes to make an oblique angle with each other. It is, how- 
.ever, generally most convenient to refer points and lines to 
co-ordinate axes which are at right angles. 

If we suppose VAX to become a right an^e, 




and 



sm (i9 — «) = cos « (Trig. Art. VI). 



The equation of the straight line AP, passing through the 
origin of co-ordinates, then becomes 



or 



sm « 

y = ^f 

cos « 



y= tang tt.x; 



the tangent of « being calculated to the radius of imity. 

If we represent the tapgent of 4^ by a, the equation 

be^oiQes, 

jf==aw. 
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Scholium 3, The line AP has beea 
drawn in the first angle. But the 
equation is equally applicable to a line 
drawn in either of the other angles, 
when proper signs are attributed to 
the tangent a, and to the co-ordinates 
X and y. The angle of which a is P" ^'' 

tlie tangent is always estimated from the aiis AX^ around to 
the left, 360°. 

If the line, for example, be drawn in the second angle, lihe 
angle XAP^ will fall in the second quadrant, its tangent, 
which is a, will therefore be negative (Trig. Art. XII). 
But the abscissas of points in the second angle are also nega- 
tive : hence, a and a? are both negative : their product is 
therefore positive; hence, y is positive, as it should be, 
since^ it represents the ordinates of points above the axis of 
abscissas. 

Foj the line AP''^ drawn in the third angle, the tangent 
a will be positive, since the angle falls in the third quad- 
rant (Trig. Art XII), and since x is negative, the second 
member will be negative : hence, y will be negative, as it 
should be. 

For the line AP^^\ drawn in the fourth angle, the taiigem 
-a will be negative, since the angle falls in the fourth quad- 
rant, and since x is positive, the second member will be 
negative, and therefore y will be negative. 

Hence, the equation 

ys^ax + b^ 

win represent every straight lind which can be drawn on the 
plane of the co-ordinate axes, if proper values and signs are 
attributed to a and b^ and. to the co-ordinates x and y. 

The values of a and b are constant for the same straight 
Une, but take different values when we pass firom one hne 
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to another. They are often called arbitrary constants, be- 
cause values may be attributed to them at pleasure. 

Scholium. 4. If> in the equation 

yz=ax + b, 

we make a: = 0, the value of y will designate the point in 
which the line intersects the axis of ordinates, for that is the 
only point of the line whose abscissa is. 0. This supposition 
will give, 

y=:6. 

If, on the contrary, we make y = in the equation of the 
line, the value of a?, which is found from the equation, will 
b0 the distance from the origin, at which the line in^rsects 
the axis of abscissas. This value is, 



a' 

Scholium 6. A line is said to be given^ or known, when 
the constant quantities which enter into its equation have 
known values : the position of the line is then determined, 
and it can be drawn on the plane of the co-ordinate axes. 

I. Let us suppose, for example, that in the equation, 

y = oa? + 6, 

the values of a and b are known. 

Makiiig 07=0, 

we have y = &• 

Having drawn the co-ordinate axes AX, 
AYj lay off from the origin A a distance 
AB equal to b, and through B draw JSC, 




AX 
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making with the axis of X an angle whose tangent shall be 
equal to a : this will be the straight line whose equation is, 

i/ = ax + b. 

11» point C wight have been found by making 

which would have given, 

if, in the equation of a given straight Une, 

any value be attributed to one of the variables, the other 
becomes determinate, and its value may be found from the 
equation. 

if, for example, we make 



^=1, 


we have 


y = a + 4. 


w = 2. 


gives 


y = 2a + 6. 


a? = 3, 


gives 


y = 3a + 6, 


&a 


&c. 


&c. &c. 



Or, we may attribute values to y and fi^d the corresponding 
values of x. If we mi^e 

a 
„ 3-6 



y=i. 


ire-bajre 


y-B. 


fives 


ir=3. 


;gWM 
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2. To construct the line wkose equation is 

y = 2a?+5. 

3. To constroct the line whose equation is 

y=— a?-l. 

4. To construct the line whose equation is 

y= — 2a? + 6. 

PROPOSITION n. THEOREM. 

Every equation of the first degree between tivo variables^ is 
the equation of a straight line. 

The equation 

is the most general form of an equation of the first degree 
between two variables, since there is an absolute term C, 
and since each of the variables, y and Xy has a co-efficient. 
This equation may be written under the form 

B C 

which becomes of the form already discussed, if we make, 

— — = a, and — r- = o« 
A A 

Having drawn the co-ordinate axes at right angles to 
each other, if we lay off on the axis of F a distance equal 

to — -j^ and through the point so determined draw a line 

which shall make with the axis of X an angle whose tangent 

is — j-j it will be the straight line whose equation is 



Digitized by VjOOQIC 



BOOK IL 

Ay + Ba!+C = 0. 
We may also put the equation under the fonn 



56 



"=-3^-5' 



in which — ^ is the tangent of the angle which the 

C 

straight line makes with the axis of Y, and — ^ the dis- 

tance cut off from the axis of X, measured from the origin. 
We may, therefore, state this general principle. 

If, in the equation of a straight line, the coefficient of 
either variable be made equal to unity, the coefficient of the 
other variable will he the tangent of the angle whMi the line 
makes with the axis of that variable ; and the absolute 1mm 
will be the distance cut off from the axis of that variable 
whose coefficient is unity. 



PROPOSITION m. PROBLEM. 

To find the distance between two given points in the plane 
of the co-^yrdinate axes. 

A point is said to be given when its co-ordinates are known. 
Known co-ordinates are usually designated by marking the 
letters, thus, 

y^,af; y^\ af^ ; y"'', f' ; 

which are read, y' prime, a/ prime, y second, a/' second, &c. 

Let M and JV be the two given * 
points. Designate the co-ordinates of 
M by y, a/, and the co-ordinates of 
N by y,a/', and the required dis- 
tance MN by D. 
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MP =af'-af. 


Y 


^y 


and 


NP=y"-y'. 




i^ 


But, 


MN =AfP' + PN*: 


/ 




j 


hence. 


Ay- - 




X 



or 



D =V(a/'-a/)« + (y''-/)'; thatig, 



the distance between any two points is equal to the square 
root of the sum of the squares of the differences of their 
abscissas and ordinates. 

Scholium. If either of the points, as M^ coincides with 
&• origin, its equatioas will become 

a/=0 and r/ ^0^ 

and we shall hare 

a result which may be easily yerified. * 

PROPOSITION rV.' PftOBLEBI. 



To find the equation of a straight line which shall fuss^ 
through a given point. 

Let M be the given point, and 
designate its co-oidinates by a/, i/. 

The equation of the line will be 
of the form 

yz=ax + b, 
in which a ^md h are both unknown. 
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Since the line is to pass through the point M, the co-oidi- 
nates of this point must satisfy the equation, 

y = oap + 6; 
hence, v/e shall have 

subtracting this from the last equation, we obtain 

which is the equation of a line passing through the given 
point, and in which 1/ and a/ are the co-ordinates of the 
given point, and y and os the general co-ordinates of the 
line. 

Scholium. In the equation 

the tangent a remains undetermined. This is as it should 
be, since an infinite number of lines may be drawn through 
the point M. 

PROPOSITION V. PROBLEM. 

To find the equation of a straight line which shall pass 
through two given points. 

Let M and N be the two given 
points. Designate the co-ordinates of 
the first by a/, y, and the co-ordi- 
nates of the second by a/\ i/\ 

The equation of the required line 
will be of the form 

y = aa? + &, 
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and kia roquii^d todetennine the values of a and 6 m tenns 
of the given co-ofdinates a/, y', a/^ ^'. 

Smce the required line must pass through the point Af, 
the co-ordinates a/, y , will satisfy its equation, and we shall 
have 

y' = cw/ + 6 ; 

and since it must also pass through the point iV, we ako 
have 

Subtracting the second equation from the third, we have 
from which we find 

H this value of a be substituted in the second or third 
equation^ h will be the only uidoiown quantity, the value 
of which may, therefore, be determined. 

It is, however, better to place the required equation under 
another form. 

If we subtract the second equation from the first, we 
obtain 

y-/ = a(a?-a/); 
Substituting the value of a found above, we have 

and this line will pass through the second point. 
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If we subtract the third equation from the first, we shall 
have 



or 



Scholium 1. The value for a, found above is easily 
verified. For, }/' -^}/ is equal to NF and a/' --(x/ is equal 
to MP: hence 

and consequently equal to the tangent of the angle NMP^ 
to the radius of unity (Trig. Th. II, Cor. 1). 

Scholium 2." If in the equation 
for the value of a, we suppose 
y'rs yf^^ the value of a will become 



= 0; 



a/'^a/ 



Y 


M N 








A 




X 



and this is as it should be, since under this supposition, the 
line becomes parallel to the axis of X, 

Scholium 3. If we suppose a/ = a/^ the ordinates 
y' and }/' being unequal, we shall y N 

have g= ^ ^ ^ ; m 



therefore, a is infinite (Alg. Art. 109), 
and hence, the line is perpendicular 
to the axis <rf Jf (Trig. Art. IX). 

If w;e suppose y' = ^^ and »t the same time make 
a/ = a/\ the two points will coincide, and we shall have 





a = 



0* 
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hence a is indetenninate (Alg. Art. 110), as it should be, 
since an infinite number of lines can be drawn through a 
single point. 

PROPOSITION VI. PROBLEM. 

7b find the equation of a straight line which shall be 
parallel to a given straight line. 

Let y=sax + b 

be the equation of the given line. 

The equation of the required line will be of the form 

y = a^x + Vy 

in which of and 1/ are undetermined. 

The two right lines will be parallel, if they make the same 
angle with the axis of abscissas. Hence, if we make 

af^a 

the second line will be parallel to the first ; and its equation 
will be 

y=:acf + l/, 

in which equation 1/ is undetermined, as it should be, since 
an infinite number of lines may be drawn parallel to a given 
line. 

Scholium. If it be further required that the parallel shall 
pass through a given point, the position of the line will be 
entirely determined. 

For, if the co-ordinate, of the given point be denoted by 
a/ and y', and substituted in the last equation, we shall 
have 

t/-aa/ + V, 

in which all the quantities are known excepting V, which 
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is therefore determined in value : hence, the position of the 
line is fixed. 

PROPOSITION Vn. PROBLEM. 

To find the angle included between two lines given by their 
equations. 

Let JDC, BC, be the two 
given lines : 

y:=zax+b the equa^on of the 1st. 

yz=zafx+V the equation of the 2d. 

in which a, o/, fe, Vy are known. 

Denote the angles CDX and CBX by « and «^, and the 
angle DCB by F. 

Then, since CBX = CDB + DCBy 
we have y = «' — «, 

and tang F = tang K->)= ^^'^--^g'', . 
^ ^^ ^ 1+ tang -'tang** 

to the radius of unity (Trig. Art. XXV). 

Substituting for tang nfy and tang «, their values a! and a, 
we have 

tr of — a 

Scholium 1. If the lines become. parallel, the anj^e Y 
will be 0, and hence, 



tangr=.^=4" = 



Therefore, 



\+afa 
fl/— a = 0, or o'ssa. 



(Trig. Art. VII). 



a relation already proved (Prop. VI). 

6 
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Scholium % If the lines are perpendicular to each other, 
V will be equal to 90^^ and its tangent infinite (Trig. Art. 
IX) : that is, 

hence, - - - l+afa = (Alg. Art. 109). 

Tlu3 last is the equation of condition, by which two right 
lines are shown to be at right angles to each other. If ona 
. of the quantities, a, or afy is known, me other can be found 
from the equation of condition. 



PEOPOsmoN vm. problem. 

Jb determine the point in which two straight lines j given by 
their equations, intersect each other. 

Let y=:ax +b be the equation of the first Kne, 

.and y^afa+Vy the equation of the second line. 

The point in which two straight 

lines intersect each other being 

foimd at the same time on both 

. of the lines, its co-ordinates ought 

to satisfy both their equations. 

If, therefore, we suppose y and 
0? in the equgitipn of the first line, to become equal to y and 
X in the equation of the second, the two equations will de- 
signate a point common to both the lines. 

Combining the equations under this supposition, and 
designating the co-ordinates of the point of intersection by x' 
and y, we find, 

, ih^V) . J aJtZ-^'afb 

* a 
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ScJudium L I^ in the two last equatioos, we siqpproe 
a = afy the values of a/ and y^ will both become infinitfl;. 
The supposition ot a = af renders the two lined parallel, and 
therefore, their point of intersection <»ight to be at an infinite 
distance from both the co-ordinate axes. 

If, at the same time, we also suppose 6 = 2/, the values, 
of a/ and y will become equal to divided by 0, that is, 
indeterminate. But the two suppositions will cause the lines 
to coincide: hence, their point of intersection oughl^la be 
indeterminate, since every point of either line will satisfy both 
equations. 

Scholium 2. The medlod which we have just employed . 
for two straight lines, is general, and will serve to determine 
the points of intersection of curves whose equations are 
known. 

For, the points whose co-ordinates %ill satisfy both the 
equations, must be common to the two curves- Hence, if 
we suppose the co-ordinates to be equal, and combine the 
equations under this supposition, the values of x and y found 
in the resulting equations will be the coordinates of poii^ 
common to the two curves. 

PROPOSITION IX. PBJOBLEM. 

To draw from a given point a line perpendicular to a given 
straight line, and to find the length of the perpendicular. 

Let ystfiT + fc, 

be the equation of the giveft Hne, and afj /, the co-ordinates 
of the given point 

The equation of a straight line passmg through the given 
point, will be of the form (Prop. IV), 
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But since this line is to be perpendicular to the given line, 
we have (Prop. VII, sch. 2), 

from which we have, 

a 

Substituting this value for (/, the equation of the perpen- 
dicular becomes, 

It is now required to find the length of the perpendicular. 
This is done by first finding the difference between the co- 
ordinates of the given point, and the co-ordinates of the point 
in which the perpendicular intersects the given line. 

Let us designate the co-ordinates of this last point by 
a/\ %/'. Then, since the point is on the given line, its co- 
ordinates will satisfy the equation of the given line, and we 
shall have 

and since the point is also on the perpendicular, its co- 
ordinates will also satisfy the equation of the perpendicular, 
and give 

If we eliminate a/^ from these two equations, we shall h&ve 

^ 1+a* 

Subtracting t/ from both members, we obtain 



l + a« 
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Substituting this value of y^^— y^^ in the last equation but 
on», and we have 



l+ar 



5) 



Let us designate the length of the perpendicular by P. 
Since the distance between two points whose co-ordinates 
are a/^, y^ a/^ 3/^ is fl(Prop, III), 



we have, by substituting for a/' —ccff and }/^ -^yf^ their 
values found above, 

-/ 1 +a*' 

Scholium. If the given point should fall on t^e giveit 
line,, its co-ardinateg would satisfy the ^uation of t^ line, 
and give 

This supposition would reduce the numerator of the valye 
of P to 0, and consequently P would be equal to 0. 



Tramjvrmal!i&n of Co-ordinates. 

The equations of a point detemiixie} its position witk* 
respect to the co«ordinate axe« to widcfa ft ia I0fierr«di: 
The cD«ordinate eaes- may be selected: at {Measure,. and. the; 
point may, at the same tinto, be.re&mdrto serend vymMOi 

9P 
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I 



1 



I 



1 



IB- 

4- 



Let Ay for example, be the origin 
of a system of co-ordinate axes, and 
A' any point whose co-ordinates are 
a, mi b. -« 

Through A' draw two new axes 
respactiyely parallel to the first. 

The co-ordinates of any point, as 
P referred to the first system, are AD, PD ; and its c(v 
ordinates referred to the second system are A'/X, P U, and 
the point P is equally detennined to which ever system it be 
referred. 

It is often necessary, for reasons that will be hereafter 
; explained, to change the reference of points firom one system 
of co-ordinate axes to another. This is called, the trans 
formation of co-ordinates. The axes to which the points are 
first referred, are called the primitive axes ; and the second 
axes to which they are referred, are called the new axes. 

In changing the reference of points from one system of 
co-ordinate axes to another, it is necessary to find the co- 
ordinates of the points referred to the primitive axes, in 
terms of all the quantities in the new system on which they 
depend. 

PROPOSITION X. PROBLEM. 



To find the formulas for pa^ssing from one system of co-ordi" 
note axes to another system, respectively parallel to the first. 

Let A be the origin of the primi- ^ ^ 

tiTe system, and A' the origin of the 
new system. Suppose the co-ordi- 
natiss of the origin A' to be AB = a, 
and BA'^h; and let us designate 
the co-ordinates of any point referred 
to the new axes by af and y^. 



r 



I>\ 



^X' 



D 
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Then assuming any point, as P, we shall have. 

AD:=AB + BD, and DP^DU+iyP, 
that is, 

a? = a + stfj and y = 5 + y> 

in which the primitive co-ordinates of any point are ex- 
pressed in tenns of the^ co-ordinates of the new origin and 
the new co-ordinates of the same point. 

Scholium, The new origin may be placed in either of the 
four angles of the primitive axes, by attributing proper signs 
to its co-ordinates a and &. It is also to be observed, that 
a/ and t/ have the same algebraic signs in the different 
angles of the new system, as have been attributed to x and y 
in the correspondingviftgles of the primitive system. 

PROPOSITION XL PROBLEM. 

To find the formulas for passing from a systen^ of rectan- 
gular, to a system of oblique co-ordinates^ the origin remain- 
ing the same. 

Let A be the common origin, 
AXj AY, the primitive axes, and 
AJCj A Tf the new axes ; and let 
us designate, as before, the co- 
ordinates of points referred to the 
new axes by a/ and i/. 

Denote the angle which the new 
axis of X! makes with the primitive axis of X by «, and the 
angle which Y makes with AX by «', and let P be any point 
in the plane of the axes. Througb P, draw PB parallel to 
the axis of Y, and PP^ parallel to the axis of Y : draw also 
P'R parallel to F, and PC parallel to the axis of X. 
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Then, 4^= 4^ + 1181 

will be ^.abscisst oi f'^refeired 
to the piimitive axes ; 



and 



PB:z:BC + CP^ 




Wit 
win be its ordinate. 

Also, AJP^ will be the abscissa of P referred to the new 
system, and PP' will be its ordiiiate« 



But 
thatJ% 
and 
hence. 



(Trig. Th. I, Cor.X 



itUrrAFcos* 
Ail = a/cos», 

RB = P^C = PF cos of =1/ cos ^ : 
9.ZS. af cos « + y' cos J\ 
We also have, PR = C5 = AF sin * (Trig. Th. I, Cor.) ; 
that is, CB = a/ sin «, 

and PQ ^PP^ sin V»y sin */ : 

hence, y := a/ sin •^-y' sin*'. 

Hence, the formulas are, 

a?=2Vcos<i^4-y''cos«'i y = a/sin.* + y'sin«'. 

A - - 

) Scholium, If it were required, at the same time, to change 

the origin to a point whose co-ordinates, when referred to ike 

primitive system, are a and b, the formulas would become, 

a? = a +a/ cos • + t/ cos *V y = 6 + a/ sin # + y' sin «1 
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PROPOSITION Xn. PROBLEBl 

To find the formulas for passing from a system of oblique 
co-ordinates to a system of rectangvlar co-ordinates^ the 
origin remmnUag the same. 

Take the formulas of the last problem 

a? = a/ cos » + y cos «', y = a/sin* + y sin«' 

If now, we regard the oblique as the primitiye axes, we 
must find the co-ordinates of points referred to these axes in 
terms of die rectangular co-ordinates and the angles « and «^. 

If we multiply the first equation by the sin «', and the* 
second by cos «', and then subtract them, ^ will be 
eliminated ; and if a/ be eliminated in a similar manner, we 
shall obtain 

/ _ xsjutif ^y cos «^ / — y ^^^ * — ^ sm * 
8in(-i'-«) ' ^"^ sin(-<-.«) * 

Scholium. If the origin were changed, at the same time, 
to a point whose co-ordinates, with reference to the obhque 
system, are a and b, we should have, . 

, , a?sin«' — vcos«' , , . ycos* — a?sin« 
gin(«r — *) ^ Bin («' — ») 

PROPOSITION Xra. PROBLEM. 

To find the formulas for passing from a system of rect" 
angular co-ordinates to a system of co-ordinates also rect- 
angular ^ the origin remaining the same. 

If in the equations of (Prop. XI), which are 

X = a/ cos • + yf cos «', y = a/ sin « + y' sin «/, 
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we make 

•^-• = 900, ^ 

the new sjstem of co-ordinates, as 
well as the piimitiye, will be at right 
angles. 
This supposition will giro 

tf' — 90«> + «.. and 

sin «^ = sin 90° cos m+^os 90^ sin #=; + coff • 

co8«^=EGOft90°cos«->'sin90° irin*= — 8in«. 

Substituting these values in the first equations, and they 
become 

x = a/ cos • — y sin •, y = a/ sin •+ y^ cos ♦. 

SckoHmn L II the origin be changed at the same timc^ 
the equations will become, 

47 == a -fa/ cos » — y' sin «j ^ y = 6 + a/ sin » + y' cos ». 

Scholium 2. If we square the two equations first fbund, 
and then add them together, member by member, observing, 
that the sine square of an arc plus the cosine Square, is 
equal to the square of the radius, or 1, we shall find 

;i!»+y*— ip^-f /*. 

This is as, it should be, since a?* +y* or ifZf + CT^ is 

equal to AJ^: and since the new system is also rect- 

. ^ftngular, a/^ +.y^ of AE*+ FIB , is likewise equal to AT . 
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PP0P0fflTK>N XIV. PROBLEM. 

To find tke formulas for passing from a system of 
oblique co-ordinates to a new system ^f ciMtrdinates also 
oblique — the origin remaining the same. 

Let A-T and AY^ be the primi- 
tive axes, A-if , A ^ , the n^w axes^ 
and A the common origin. Through 
A draw the two axes AX^ A Y, at 
right angles to cfech other. Desig- 
nate tiie coordinates of points re- 
ferred to the primitive system by 
a/ and y', those referred to the new system by a/^ and y'^, 
and the co-ordinates of the rectangular system, by x and y; 
and designate the angles as marked in the figure. 

Now the formulas to pasa from the rectangular to the first 
oblique system are (Prop. XI), 

«5= r' cos <• + y^xos < y = «?^ s» » + y' sin <*" 

The formulas for passing firom the rectangular fo .the 
second oblique system, are 

arstaK^codi/a + y'^cos/a^ y = a?^''8in^ + y'''siu/a^ 

If we eliminate x and y firom these equations, the re- 
sulting equations will express the relations which exist 
between the primitive co-ordinates x/ y^, and the new co- 
OTdinates c/^, y^\ These relatiims are 

sf cos »+ y' cos ^^^ = af^ co3 f^ +y"cos /a^ 

a< sin » + y^ sin t/^stf^ siii /3 -f^y^^ sin f^. 

J£ firom these equations we first eliminate / and then ir^ ^ 
we «hall find 
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or ^ — , . •x = ^> 

sin («^ — •) 

ar^" sin Q - *) + y^" sin Q^- •) 
^ sin («'-•) 

in which the angles formed by the rectangular axes do not 
enter, since 

•'-/a=FilJr^ mr^fi^=:TAY'\ fi^m^X'^AX', 

Scholium 1. If the origin of co-ordinates be changed 
at the same time, the equations will become, 

^ . ar^^sin(>^-/9) + y^^8in(^^-/90 
sm(«^ — •) 

... r . ag^^sin(/B-*) + y^^sin(y-#) 
^-^"^ sinK--) "• 

Scholium 2. Tte primitive co-ordinates of any point 
determined with reference to a new system, depend for their 
values, 

1st. On the position of the new origin. 

3d. On the angles which the new axes make with the 
primitive axes, and 

3d. On the co-ordinates of the same point referred to 
the new system. 

Scholium 3. The trpmsformation of co-ordinates em- 
braces two distinct classes of propositions. 

1st. To transfer the reference of points ifrom one system 
of co-ordinate axes to another system which is known. In 
this case the co-ordinates of the new origin and the angles 
which the new axes make with the primitive axes, are known. 

2d. It is often required, however, so to dispose of the 
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new origin, and to give 8uch directions to the new axes, as to 
cause the resulting equations to fulfil certain conditions, or to 
assume a certain form. In this case, the condititms imposed 
determine the position of the new origin and the directions* of 
the new axe8« 

Scholium 4, Since the primitive co-ozdinates are always 
determined in linear fimctions of the new co-ordinates, that 
is, by equations of the first degree, the substitution of their 
values in the equation of any line, will not alter the degree 
of that equation. Hence, the given equation of a line, and 
its equation when referred to a new system of co-ordinate 
axes, will always he cf the same degree. 

Scholium 5. We shall terminate this subject by a single 
example. 

Haying given the equation of a sstraight line, 

y = a'a? + i/^ 

referred to rectangular co-ordinates, it is required to find its 
equation when the line is referred to oblique co-ordinates 
having a different origin. We have (Prop. XI, sch.), 

«=:a + ^ cos « + y^ C08«^ y =sfr + «^ sinii + y sinV. 

Substituting these values for x and y in the equation of 
the line, we have, 

6 + a/ sin • + y' sin «' r=a'(a + a/ cos • + y' cos «') + f: 

er, by reducing 

._ , g^ cos • — sin • aaf+ y— h 

^ "" sin «^— of cos «^ sin «^— of cos •t'' 

which is thq equation of the straight line, referred to die 

obhque axes. 

7 
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Cf Polar Co-ordincUes. 

We have seen, that the relatiye position of points and lines 
may be determined analytically, by referring them to recti- 
linear axes, which make with each other a given angle. 
There are also other methods by which they may likewise 
be determined. 

Assmne, for example, any point, as 
A, and through it draw any straight 
line as AX. If we suppose a straight 
line, as AB^ to be turned aroimd the 
point A, so as to make with AX all 
possible angles, from to 360^, and 
suppose at the same time the line AB to increase or diminish 
at pleasure, the extremity B may be made to coincide, in 
succession, with every point of the plane. 

There are two variable quantities to be considered: 1st. 
the variable a&gle XAB ; and 2dly, the variable distance AB ; 
and every point in the plane may be determined by attributing 
suitable values to these variables. 

This method of determining points by a variable angle and 
a variable distance, is called the system of polar co-<>rdinates. 
The variable distance AB, is called the radius-vector; and 
the fixed point A, from which it is estimated, is called the 
fole. 

Designate the variable angle XABy by v, the radius-vector 
* ABj by r, and the co-ordinates of the point jB, referred to rect- 
angi^ar axes, by x and y ; then, if the origin of the rect- 
angular axes be at A, we shall have, 

ar = r cos v (Trig. Th. I, Cor.), 
and y = r sin v (Trig. Th. I, Cor.). 
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From the first equation, we have 



r=- 



cos V 



Now, since x and the cos v are both positive in the first 
and fourth angles, and both negative in the second and third, 
they will always be affected with the same sign, and hence 
the sign of r will be constantly positive: consequently, a 
negative value of the radius-vector can never enter into the 
analysis. 

If, therefore, such a value should be obtained, we ought to 
infer, that incompatible conditions have been introduced into 
the equations ; and hence, all negative values of the radius^ 
vector must be rejected. 

PROPOSITION XV. PROBLEM. 

To find the formulas for passing from a system of rect-^ , 
angular to a system of polar co-ordinates. 

Let A be the origin of the co-ordi- 
nate axes. A' the pole, A^R parallel to 
AXy the line from which the variable 
angles are estimated, and A^P the 
radius-vector of the point P. Let the 
co-ordinates of the pole A' be repre- 
sented by a and 6. 



Af^ 



IT 



D X 



Now, 


A'R = r cos V, and PR = r sin w. 


But 


AD = AB-\-BD 


and 


PD = DR + PR: 


hence. 


w = a + r cos t>, 


and 


y = b + r sin » ; 



which are the formulas required. 
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Scholium 1. If the pole A^ be placed at the origin A, the 
equations will become. 



« = r cos Vt 

SdioUum 2. If, instead of esti- 
foating the variable angle v from the 
line A'Rf parallel to AXy it be esti* 
mated from A^R^, which makes with 
AX a given angle «, the equations 
will become 




» = a + r cos (v + #), 
y = & 4- r sin (u + »)- 
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BOOK III. 
Of the Circle. , 

The equation of a line expresses the relation which exists 
between the co-ordinates of every point of the line (Bk. II, 
Art. 3). All lines in which this relation can be expressed 
algebraically, that is, by algebraic quantities alone, are called 
algebraic linesy and these are the only lines which will be 
considered in Analytical Geometry. 

Lines are divided into different orders, according to the 
degree of their equations. For example, the right line is a 
line of the first order, since its equation is of the first degree. 
The circumference of the circle is a line of the second order, 
its equation being of the second degree (Bk. II, Art. 2) ; and 
if the equation of a line were of the third degree, the line 
would be of the third order. 

The discussion of an equation, consists in classing the line 
which the equation represents; in determining its position, 
its form, its limits, and the points in which it intersects the 
co-ordinate axes. 



PROPOSITION I. PROBLEM. 

To find the equation of the circumference of a circle, and 
to discuss it 

Let A be the origin, and AX, AY, 
the co-ordinate axes. 

It is required to find the equation of 
a curve such, that all its points shall 
be at a given distance firom the origin 
A. Let R designate that distance, 
and X and y, the co-ordinates of any 
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point of the curve. The square of 
the distance from the origin to any 
point, whose co-ordinates are x and y, 
(Bk. II, Prop, m, Sch.), is 



hence. 



«« + y« = llV 




which is the equation required. 

In discu9sing the equation, we begin hj detenmning the 
points in which the circumference cuts the co-ordinate 
axes. 

The co-ordinates of these points must satisfy, at the same 
time, both the equation of the circle, and the equations of 
the axes. 

The equations of the axis of X being 

y = and « indeterminate; 

if we make y = in the equatiwi of the circle, the c<ares- 
ponding ralues of x wiQ be the abscissas of those point* 
which are common to the circumference and the axis of X: 
that is, 

which shows that the curve cuts the axis of abscissas in two 
points, cme on each side erf the origin,, and both at a distance 
from it equal to the radius of the circle. 

To find the points in which the circumference cuts the 
axis of y, make af = 0^ and there resuhs, 

the axis of F, therefore, mtersects the circumference in two 
points, equaUy distant from the ot^ cme above the axis 
of X, and the other betow it. 
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To trace the curve through the intennediate pomta, find 
the value of y from the equation, which gives, 



Now, since every value for x gives ibr y two equal values, 
with contrary signs, it follows that the curve is symmetrical 
with respect to the axis of X: and in the same manner it 
might be shown to be symmetrical with respect to the axis 
of Y. 

From 0? = 0, which gives 

y^^Rf 

the values of y decrease, as x increases : and when x be- 
comes equal to ± /Z, we have 

y = o. 

If X becomes greater than ± jR, the values of y becopie 
imaginary, which shows that the curve is limited both in the 
direction of x positive,, and of x negative. 

By placing the equation under the form 

a?==fcViJ»-y«, 

we may show that the circumference is also limited ki the 
direction of y positive, and iq that of y negative. 

By attributing a particular value to either of the variables 
in the ecpistion 

the corresponding value of the other variable may be feuad 
fiDom the equatioar 
Xfirefuppose R^l^ and then make 
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a = 


we hare 


y=±i, 


-=i 


gives 


»=-\/f=i^ 


«=4 


gires 


y = *y5=T^ 


&c. 


&c. 


&c. &c. 


Scholium 1 


. If in the 1 


equation 
x' + y» = R\ 



X and y be taken to represent the co-ordinates of a point 
within the circiunference, the equality will be destroyed, and 
05* + y* will be less than 22*, and we shall have 

a:« + y«-2J»<0, 
that is, negative. 

For a point on the curve 

«* + y««2J« = 0, 

and for a point without the curve 

«« + y«-«2J«>0, 
is positive. 

Scholium 2. The equation 

y« = ««-^, 

may be put under the form 

y* = {R + x){R^xl 

in which the factors, R + x and 22 — a? are the two seg- 
ments into which the ordinate y divides the diameter : this 
ordinate is, therefore, a mean proportional between the two 
segments. 

Scholium 3. The equation of the circle may also be 
placed under another form, by transferring the origin of 
co-ordinates from the centre to a point of the circumference. 
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If in tiiis transformatkm the new o<x»duiate axes be 
parallel to the primitive axes, we shall have the formulas 
(Bk. 11, Prop. X), 

« = a + j?' and yssi + y'. 

Let it be required to transfer the 
origin to B, 
The co-ordinates of this point, are 

a = — ft and 6 = 0; 

hence, xszaZ-^R and y = y^> 

Substituting these values in the equation 




we obtain 



y^ = 2jRaK-a?^, 



or onuttmg the accents 

y« = 2jRr-a?«; 

which is the equation of the circle when the origin of co^ 
ordinates is in the circumference. 

Scholium 4. There is yet a loore general form under 
which the equation of a circle may be expressed* 

The characteristic property of the circumference of a 
circle is, that all the points are at an equal distance from 
the centre. To express this property a»aZyt»ca7/y, and in 
a general manner, designate the co- 
ordinates of the centre by a/ and y^, 
the co-ordinates of any poin^. of the 
circumference by x and y, and the 
radius by R. 

Now the distance from any point 
whose co-ordinates are (xf^xf Xo a 
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point whose co-ordinates are x and^y, is (Bk.II,Piop. Ill), 

This is, therefore, the most general equation of the circle 
referred to rectangular co-ordinates. By attributing proper 
values and signs to ^ and y^, the centre of the circle may 
be placed at any point in the plane of the co-ordinate axes. 

To find the points in which the cir- ^ 
cumference intersects the axis of X^ 
make y = 0, and we have 

in which we see that the values of x 
will become imaginary when y^ ex- 
ceeds £, and it is plain that in that case there would not be 
an intersection. 

To find the points in which the circumference intersects 
the axis of Y, make a? = 0, and we have 

y = y'i:yii»-a<», 

in which the value of y will be imaginary, if a/ exceeds R. 

If the co-ordinates of the centre 
of a circle are 

a/ = — 2 and y' = — 4, 

and the radius equal to 6, its equation 
will be 

(a?+2)« + (y + 4)«=36, 

firom which the circumference may be readily described. 

Scholium 5. If the absolute term of an equation is 
wanting, the origin of co-ordinates must be a point of the 
curve. 
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ToTy if X and y be each made equal to 0, all the terms 
will reduce to 0, and, therefore, the equation will be satis- 
fied. But, 

x=zO and y = 0, 

are the equations of the origin, and since the co-ordinates of 
the origin satisfy the equation of the curve, the, origin must 
be a point of the curve. 

Two lines which are drawn through the two extremities 
of any diameter of a curve, and which intersect the curve at 
the same poiat, are called supplementary chords. 

PROPOSITION IL THEOREM. 

TTie supplementary chords in the circle are perpendicular to 
each other. 

Let A be the origin of co-ordinates, and B and B^ th6 
extremities of a diameter. y 

The equation of a straight line pass- 
ing through a given point is of the 
form (Bk. II, Prop. IV) ^^^ ^ 




y--t/-a{x—a/). 

If the line.be made to pass through 
jB, whose co-ordinates are y' = 0, 
and xf:=z +R^ itsi equation will become 

y = a(a? — -R). 

For a like reason, the equation of a straight line passing 
through jy, is 

y^af{x + R). 

If these two lines intersect each other, the co-ordinates of 
their point of intersection will satisfy both equations. Hence, 
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if we suppose x in one equation to be equal to a? in the 
other, and y equal to y, and then combine the equations by 
multiplying them together, the resulting equation, 

will express the condition that the two straight lines shall 
intersect on the plane of the co-ordinate axes. 

But if the point of intersection is to be in the circum- 
ference of the circle, x and y must satisfy the equation 

«« + y« = iJ«, 

or y« = li«-ip« = -l(a^-iJ«). 

Hence, aaf = — 1, or aaf + 1 ="0, 

The two lines are therefore perpendicular to each other 
(Bk.II,Prop,VII, Sch, 2). 

Scholium 1. In the equation of condition, 

aar + 1=0, * 

the two tangents a and a^ are undetermined; there are, 
therefore, an infinite number of values which may be at- 
tributed to them that will satisfy the equation ; which shows 
that there are an indefinite number of supplementary ch(»ds 
that may be drawn through the extremities of the same 
diameter, each pair of which will be perpendicular to each 
other. 

Scholium 2. If it be required, that one of the supple- 
mentary chords shall make a given angle with the axis of JT, 
its tangent a or o^ becomes known, and then the value of the 
other tangent may be found from the equation of condition. 

If either a or o^ is equal to 0, the other will be infinite ; 
which shows, that if one of the chords coincides with the axis 
of X, the other will become perpendicular to it. 
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PROPOSITION in. PROBLEM. 




To find ike eqttation of a straight line which shaU be tangent 
to the drcurnference oj a circle. 

Let A be the origin of co-ordinates, 

and a:» + y* = /J% 

the equation of the circle. 

Take any point of the cir- 
cumference, as P, and de- 
signate its co-ordinates by 
a/',y^ Through this point 
draw a secant line ; its equation will be of the form 

it is now required to find the value of a when the secant 
line PP becomes tangent to the circumference. 

Since the point P is in the circumference, its co-ordinates 
will satisfy the equation of the circle, and we shall have, 

Subtracting this from the equation of the circle, we obtain 
-r«-a?"» + y*-y''* = 0, 

or (a? + ^0<^-^0 + (y + y^0(y-y'0 = O; 

in which equation, x and y are the co-ordinates of any point 
of the circumference. 

If this equation be combined with the equation of the 
secant, x and y in the resulting equation, will be the co- 
ordinates of P^, the second point in which the secant inter* 
sects the circumference. The equations are most readOy 
combined by snbstiiuting for y^yf\ the valud found in the 
equation of the secanU Making Ae labstitutioii, we d)ttuai 

8 
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(*+a/0(«-«'0+(y+yOo(^-«'0=o, 

and dividing by a? — «/', we have 

If now we suppose the T' 

secant PP^ to turn around 
the point P, the point P' 
will approach P : and when 
P^ shall coincide with P, the 
secant line will become tan- 
gent to the circumference. 
When this takes place, we 
shall have 

xssa/' . and y=y'^ 

and the last equation will give. 




a = 



a/' 



•/ ' 



in which a/', ^ , are the co-ordinates of the point of contact 
Substituting this value in the equation of the line passing 
through P, and we have, 



or, by reducing 



or 
or 






in which x and y are the general co-ordinates of the tangent 
line. 

SchoUum 1» For the point in which the tangent inter- 
sects the axis of Y^ we have a? = 0| and 
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= AT'. 



And for the point in which it intersects the axis of X, 
y = 0, and 

Scholium 2. We can readily prove that every point of 
the tangent line, except the point of contact, lies without the 
circumference of the circle. 

For, we have the equations 

and if we subtract twice the first equation from the second, 
there wiU result, 

Adding a? + y^ to each member, the result may be put 
under the form 

In this equation x and y are the general co-ordinates of 
the tangent line. But the first member is always positive, 
being the sum of two squares : hence, the second member is 
positive ; and therefore all the points of the tangent line lie 
without the circumference (Prop. I, Sch. 1). 

If we consider the point of the tangent line at which it 
touches the circle, we shall have *• 

y = y^\ and x = a/'. 

Each member of the equation will then become equal 
to 0, which shows, that the co-ordinates of this point ivill 
satisfy the equation of the circle. 
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Scholium 3. We have thus far considered the tangent 
line as touching the circumference at a given point. Let us 
now examine the conditions which are to be fulfilled 'when 
the tangent line is required to pass through a given point 
without the circle. 

The equation of the tangent line is of the form 

If this line be required to pass through a given point whose 
co-ordinates are a/, i/, the equation will become 

Subtracting this from the first equation^andwe have 

or y-./=:-__(iP-a?^, 

lor the equation of a tangent line drawn through a given point 
without the circle. 

If it be required to find the values of the co-ordinates 
^^ y^ of the point of contact^ in terms of known quantities 
we have the two equations^ 

from which the values of a/', ^ , may be found in terms of 
the known quantities, a/y %fy and R. 

Srostituting the values thus found in the equation of the 
tangent line passing through a given point, and that line will 
become entirely determined, and will satisfy all the conditions. 

The last equation being of the second degree, will give 
two values for a/', yf* ; and therefore, two tangent lines may 
be drawn to the circle from.a given point without. 
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Instead, however, of finding the values of a!' and yf'^ it is 
better to place the equations under such a form as will indi- 
cate the geometrical construction by which the tangent line is 
to be drawn. 

If we subtract the first equation £rom the second, we find, 

If we add -r- and V ^ l>oth members, the result 
4 4 

may be placed under the form 

By comparing this with the most general equation of the 
circle (Prop. I, Sch. 4), we see that the point of tangency 
whose co-ordinates are af'^ y'^ is in the circumference of a 

circle the co-ordinates of whose centre are -^ and — , and 

whose radius is — Va/' + y", and this circimiference has 



for its diameter V ^* + }/*• 

But the point of contact is also foimd on the circumference 
whose equation is 

Since, therefore, the point of contact is found at the same 
time in the circumferences of 
two circles, it must be found 
at their points of intersection. 
To make the constructionfor 
the tangent, we lay off from A, 
the origin of co-ordiiaates, the 
abscissa a/ = AD, and at the 
point so detenninedy erect a 

8* 
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V "* 


Jfi^ 


D 



perpendicular to the axis of 
X and make it equal to y^. 
Join the extremity of the per- 
pendicular and the origin A^ 
and on this line aa a diameter 
describe a circumference ; the 
points P and P in which it 
intersects the circumference 
of the given circle will be the 
points of tangency. There will be two tangents, since the 
circumferences will intersect each other in two points. 

The construction will also show when the problem is 
impossiUe. For» if the values of a/y y^, are such, that the 
point falls within the circle, the two circumferences will not 
intersect each other. 

A line is said to be normal to a curve when it is perpen- 
dicular to the tangent line at the point of contact. A line 
so drawn, is called a normal line. 



PROPOSITION nr. theorem. 



Every normal line in a circle passes through the centre. 

The equation of a straight Hne passing through the point 
of tangency will be of the form 

Tlw condition of its being perpendicular to the tangent 
will nve ' 



But from the ^nation of the tangent, we have 
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hence. 




The equatiwi 


of the normal therefore becomes 



91 



or by reducing 

aiul aince this equation has no absolute term, the line passes 
through the origin of co-ordinates. We have thus proved a 
property known in elementary geometry, viz. : that a tangent 
line is perpendicular to the radius which passes through the 
point of contact. 



Of the Polar Equation of the Circle. 

X ■ ■ ' 

The polar equation of a curve, is the equation which is 
obtained by referring the curve to a fixed point and a given 
right line. The fixed point is called ^Ae pole; the variable 
distance from the pole to any point of the curve is called the 
raditiS'Vector, and the angle which the radius-vector makes 
with the given straight line, is called the variable angle. 

PROPOSITION V. PROM-EM. 

To find the polar equation of the circle. 

The equation of the circle referred to rectangular co-or- 
dinates, having tbdir origin at the centre, is 
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It is required to find the equation of the circle referred to a 
sjrstem of polar co-ordinates. 

Let A be the origin of the co- 
ordinate axes, P the position of 
the pole, and PJT parallel to the 
axis of Xf the line from which 
the variable angle is estimated. 
Denoting the co-ordinates of the 
pole by a and 6, the radius-vector 
by r, and the variable angle by v, we shall have for passing 
firom a system of rectangular to a system of polar co-ordinates 
(Bk. II, Prop. XY), the following formulas : 




x=:a + r cos v, 



y = b + rsinv. 



Squaring each member of the two equations and substituting 
the values of a?*, y*, thus found, in the equation of the circle, 
and recollecting that cos* t; + sin* t; = 1, we shall obtain, 

r* + 2(a cos t; 4- 6 sin v)r + a» + 6* — U* = 0, 



which is the polar equation of the circle. 

Scholium 1. The pole P may be placed at any point in 
the plane of the co-ordinate axes, by attributing suitable 



values and signs to its co- 




-^^ 




f v^ 


r\\ 


Let it be required, for ex- / 


^ 


11 


J?^ And to discuss the equa- V 
tion. The co-ordinates of 


V 


J 


the point B^ are, 


^- — 


-^"^ 


d? = — JR and 


y = 0; 


hence, as— Ji and 


( = 


. 



Digitized by VjOOQIC 



BOOK III. 93 

Therefore, wheB the pole is placed at B^^ the polar equation 
becomes, 

r* — 2iJ cos vr = 0, 

in which the angle v is estimated from the axis of X 
Now, since in this equation the absolute term is wanting, 

one of the roots is equal to ( Alg. Art. 267) ; which ought 

to be the case, since the pole is on the curve. 

Dividing by this value of r, we obtain for the other value, 

r = 2iZcost;. 

This value of r will be positive when the cos v is posi- 
tive ; and negative, when the cos v is negative. But the 
negative values of the radius^vector must be rejected, since 
they cannot enter into the analysis. 

The figure also indicates the same result* For,, the cos i; 
is positive in the first and fourth quadrants : hence, the radius- 
vector is positive when it falls in the first or fourth angle. 
The cos f> is negative in the second and third quadrants ; 
hence, the radius-vector is negative when it falls in the 
second or third angle. 

Now, for t; = 0, the cos t; = 1, and we have 

r = 2iJ = J5^S. 

When V increases bam to 90®, the radius-vector c<m- 
tinues positive and determines all the points in the semi- 
circumference B'CB. 

This may also be verified. For, in the right-an|ied 
triangle BCB, 

WC = BB cos BB'C: 
that is, r =2ii cos v. 

When t; becomes equal to 90^, cos t; = 0, and r becomes 0. 
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The radius-vector then becomes tangent to the circumference, 
since the two points in which it before cut it, have united. 

From V = 90^ to t; = 270°, the cos v is negative ; and 
there is no point of the curve found in either the second or 
third angle. 

From V = 270^' to t; = 360°, the cos v is positive, and 
the radius-vector will determine all the points of the semi- 
circumference below the axis of abscissas. 

Scholium 2. If the pole be placed at the point jB, whose 
co-ordinates are 

arr+U, 6 = 0, 



the equation will become 



/ 



r= — 2/i cos t;, 



; 




In this equation the radius- 
vector will be negative when 
cost; is positive, and posi- 
tive when the cos t; is nega- 
tive. Hence, the radius-vec- 
tor will not give points of the 
curve firom t; = to t; = 90®. 
It will give pointo of the curve from v = 90® to v = 270<> ; 
and it will again fail to determine a curve from v = 270^) to 
t; == 360<^. The figure verifies these results. 

ScJiolium 3. If we place the pole at the centre, the 
equations for transformation will become, 

a? = r cos v, y = r sin v. 
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BOOK IV. 
Of the EUipse. 

I • An ellipse is a curve in which the sum of two straight 
lines, drawn from any one of its points to two fixed points, is 
constantly equal to a given line. 

Thus, if F and F be the two 
fixed points, and AB the given 
line ; then, if PF + PP is con- 
stantly equal to AB for every 
position of the point P, the curve 
APBP will be an ellipse. 

2. The fixed points F and F^ are called /oci of the eUipse. 

3. The definition of an ellipse affords an easy method of 
describing it mechanically. Take a thread, longer than the 
distance F^F and fasten its two extremities, the one at F, 
and the other at P. Place a pencil against the thread, and 
move it around the points P, P', keeping the thread con- 
stantly stretched, the point of the pencil will describe an 
ellipse. 




PROPOSITION L PROBLEM. 

Tojind the equation of an ellipse^ 

Let P and F be the foci, and 
denote the distance between them 
by 2 c. Let P be any point of 
the curve, and designate the dis- 
tance FP by r, and PP by r'/ 
and let 2 A represent the given 
line, to which the sum FP + PP 
18 to be equal. 
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Through C, the middle poiat j. 

of PFy draw CD perpendicular 
to jPjF, and let C be the origift. 
of a system of rectangular co- A^ 
ordinates, of which AjB, Diy are 
the axes. Let x and y represent 
the co-ordinates of the point P, 

The square of the distance between any two points of 
which the co-ordinates are ap, y, and a/, y', is (Bk. II, 
Prop. Ill), 

(y-y7 + (ar«a/)». 

If this line passes through the point F, of which die co- 
ordinates are y^=: 0, and 0/= c, we shall haye, 

and if we pass the line through the point jP, of which the 
co-ordinates are y^ = and a/ = — c, we shall have 

r'* = y« + (a? + c)«. 

K we add and subtract these two equations, we obtain, 

r« + r'* = 2(y« + a?* + c«), and r'»-r« = 4Gr; 

the last of which may be placed under the form, 

(r'+r)(r'~r) = 4ca?. 

But we have, from the property of the ellipse, 

r-fcr'=2A. 
Substituting for t^ + r i\» value SA, we have, 
, 2cx 
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Combining this with the equation, 

we obtain ^ 

r' = A + '-r-, and r = A — j-. 
A A 

Squaring these values, and substituting in the equation of 
which the first member is r* + r^% and there results 

A^ + ^ = y^ + a^ + c\ 

or ' A»(y« + a?«) - c«a?* = A«(A« - c«), 

which is the equation of the ellipse. 

It is, however, most convenient to have the equation of the 
ellipse expressed in terms of the co-ordinates of its points, 
and the distances which the curve cuts off from the co- 
ordinate axes. 

To place the equation under this form, let us make x = 0: 
this will give 



or y = ± VA* — c*, 

which is the value of CD or Ciy ; and since c is less than 
A, this value is always real. 

If we represent CD or CD^y by d= jB, we shall have 

B«=:A«-C«, 

or c* = A*-5*. 

Substituting this value of c^ in the equation of the curve, 
it reduces to 

9 
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in which, if we make y = 0, we shall have 
x=^dtA = CB or CA. 

Scholium 1. The point C, which is equidistant from F 
and F^ is called the centre of the ellipse. 

Erery straight line passing through the centre, and ter* 
minating in the curve, is called a diameter. 

The diameter AB^ which passes 
through the foci, is called the 
transverse Kn&. And since 2CAy 
or ABy is equal to 2 A, it follows, 
that the sum of the two lines drawn 
from any point of ike curve to the 
fociy is equal to the transverse 
axis. 

The diameter DI/j which is perpendicular to the trans- 
verse axis, is called the conjugate axis. 

In the equation of the ellipse, 

Ay + J8«^ = A*5*, 

A and B represent the semi-axes, and x and y the general 
co-ordinates of the curve. It is called, the equation of the 
ellipse referred to its centre and axes. 

Scholium 2. If through the centre of the ellipse any 
line be drawn, its equation will be of the form 

y = ax. 

If we combine ikis equation with the equation of the ellipse 

AY + B^a^ = A*B\ 

we shall obtain the co-ordinates of the points H and JT, in 
which the diameter intersects the curve. 

If we designate the co-ordinates of H by a/, t/, and the 
co-ordinates of IT by a/', t/\ we shall find, -after eliminating 
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But since the co-ordinates of the point H are the same 
as those of H^ excepting that their signs are both negative, 
it follows that CH=CIF: that is, every diameter of an 
ellipse is bisected at the centre. 

Scholium 3. If jB be made equal to A, the equation of 
the ellipse will become, 

y^ + x^ = A\ 

which is the equation of a circle: hence, the ellipse becomes 
the circle when its axes become equal to each other. 

Scholium 4. The distance between the foci has been 
represented by 2c: hence, the distance from the centre to 
either focus is equal to c. But we have seen that, 

hence, . € = ± VA^-jB^ 

This distance divided by the semi-tranverse axis, is called 
the eccentricity of the ellipse ; that is, 

~A ' 

is the eccentricity. 

When the ellipse becomes a circle the eccentricity is 
nothing. 
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Scholium 5. The equation of 
the eUipse, 

may be put under the form 

Ay + JBV-.A«£« = 0, 

and this equation will be satisfied 

so long as x and y represent the co-ordinates of points of 

the curve. 

If we take any point as P', without the curve, its ordinate 
P^D will be greater than the ordinate of the curve, and if we 
suppose y to designate this line, the first member of the last 
equation instead of reducing to 0, will become equal to a 
positive quantity. 

If, <m the contrary, we take a point P^' within die curve, 
its ordinate P'^D will be less &an the (Hxlinate of the curve, 
and if we designate this line by y, the first member of the 
last equation will become negative. 

The following analytical conditions will, therefore, deter- 
mine the position of a point with respect to the curve of tlie 
ellipse ; 

without the ellipse. Ay + B^sc^ - A«5* > 0, 

on the ellipse. Ay + B^x^ - A*jB» = 0, 

within the eUipse, Ay + jB V — A* J?* < 0. 

Scholium 6. If we place the equation of the ellipse 
under the form 

y=±^VA»^a^, 

we see that every value of a?, whether plus or minus, will 
give two equal values for y, with contrary signs : hence, the 
€urTe 19 symmetrical with respect to the transverse axis. 

We also see, that if x be made greater than A, whether it 
be taken plus or minus, the value of y vnll become ima- 

':■'"' .' Digitized by VjOOQIC 



BOOK IT. 



101 



ginary : hence, the curve will be limited both in the direction 
of X positive and x negative. 
If we place the equation under the form 



we see that for every value of y there will be two equal 
values of a?, with contrary signs : hence, the curve will be 
symmetrical with respect to the conjugate aads. It will also 
be limited in the direction of y positive and y negative. 

Scholium 7. Any line as HP 
or HP^ which represents the 
value of y for any given abscissa 
CH, is called an ordinate of the 
ellipse, and is said to be an ordi- 
nate to the transverse axis. 

Every line, as NG or iVG^ 
which represents the value of x for a given value of y, is 
also an ordinate of the ellipse, but it is an ordinate to the 
conjugate axis. 

Scholium 8. If we transfer the origin of co-ordinates 
from the centre C, to A, one extremity of the transverse axis, 
the equations of transformation will reduce to (Bk. II, Prop. X) 




a: = — A 4- a/, 



y=j/- 



Substituting these values in the equation of the ellipse, 
it reduces to 



which may be put under the form 



y'» = J'(2A^-a/»), 



or. 



y« = f.(2^«-n 



by omitting the accents ; and this is the equation of the ellipse 

9* 
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referred to the vertex of the transyerse axis as an origin of 
co-ordinates. 

Scholium 9. The property, that the sum of the two lines 
drawn from any point of the curre to the foci, is equal to the 
transverse axis, affords an easy method of describing the 
ellipse by points, when the transverse axis and foci are 
Known. 

Let AB be the transverse axis 
of an eUipse, and F and J^ the 
foci. Take in the dividers any 
portion of the transverse axis, as 
ADt and with the focus 1^ as a 
centre describe the arcs p and q. 
With jBD, the remaining part of 
the transverse axis, as a radius, and the other focus JP as a 
centre, describe two other arcs intersecting the former : the 
points of intersection will be points of the curve. 

If with the radius AD, two arcs be described from the 
focus Fy and with the radius BD two arcs be described from 
the focus jP, these arcs will also determine, by their inter- 
sections, two points of the curve. 

Scholium 10. If from either 
Vertex of the conjugate axis, as D, 
the lines DP, DF, be dravm to 
the foci, they will be equal to each 
other. 

For, in the two right-angled tri- 
angles rCD, FCDy CP is equal 

to CF, and CD is common : hence, the hypotheneuse FD 
is equal to FD (Geom. Bk. I, Prop. V). 

Bujt FD + DF is equal to AB: hence, DP or DF is 
equal to CB. If, therefore, with either vertex of the con- 
jwgiHe axis as a cmxtae^ and wtk^a radius equal to half the 
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transverse axis, the circumference of a circle be described, it 
will intersect the transverse axis at the foci. 

PROPOSITION IL THEOREM 

The squares of the ordinates to either axis of the ellipse, 
are to each other as the rectangles of the corresponding 
segments into which they divide the axis. 

The equation of the ellipse re- 
ferred to the vertex A, as the 
origin of co-ordinates (Prop. I, ., 
Sch. 8) is, 

If we designate a particular ordinate by y^, and its abscissa 
by a/, and a second ordinate by r/\ and its abscissa by a/^, 
we shall have, 




y«=-^(2A-a/)a/, and 






y'« = J^(2A-a/0^'. 



Dividing one equation by the other, we obtain 
j/« _ (2A-a/)a/ 



or 



y//« - (2A-^0^' ' 



But 2 A represents the transverse axis AB, and since 
a/=AD, 2A — oe^=DB; therefore, (2 A — a/) a/ represents 
the rectangle of the segments AD, DB. In like manner it 
may be shown, that (2 A — xf^)oi/^ is equal to the product of 
the segments A£, EB. 

It may be proved in a similar manner, that the squares 
of the oidinates to the conjugate axis, are to each other as 
the rectangles of the segments* 
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PROPOSITION IIL THEOREM. 

If (m the transverse axis of an ellipse the circumference 
of a circle he describ^d^ and if on the conjugate axis the 
circumference of a circle he also described : then, 

1st, Any ordinate' of the ellipse, drawn to the transverse 
a^cis, will Im to the corresponding ordinate of the circle, as 
the semi-conjugate axis lo the semi-transverse axis ; and 

2(lly. Any ordinate drawn to the conjugate axis, will he 
to the corresponding ordinate of the circle, as the semi- 
transverse axis to the semi-conjugate nxis. 

Lct-y^ and V designate the 
ordinatea DH, DG, correspond* 
ing to the same abscissa CD, 
which we. will designate by a/. 
We shall then have, 



and r* = A''-a^; 
hence, 




A* 



Therefore, / : F 



or 



y* 



: A. 



To prove the second part of the proposition, denote the 
ordinates NM, NP, corresponding to the same point JV of 
the conjngat* axis, by a/ and ^, and designate CN by 1/ : 
We riiall then have. 



and 
hence, 
Therefore, 






a/* 

a/ 



A*' 



or 



a! 
B. 



B_ 

A 
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Corollary. Pr<Hn what haa been demonstrated^ it is plain 
that every point of the ellipse is within the circumference 
described on the transverse axis, and withont ths eircim- 
ference described on the conjugate axis. Hence, the trans* 
verse axis is the greater diameter of .the ellipse, and Ae 
conjugate axis i> the least. 

Scholium. The last proposi- 
tion affords the following easy 
method of describing an ellipse 
when the axes are known. 

Let GH be a ruler, or slip 
of paper, equal in length to 4> 
the semi-transrerse axis. Mark 
on it a distance HO equal to B ; 
then will 6rO be equal to A- 
semi-axes. 

Place the ruler in such a manner, that the extremity O 
shall fall on the conjugate axis, and the point O, on the 
transverse axis, and move it around, keeping these points 
constantly on the axes ;* the' point H will describe the arc 
BHD of the ellipse. By placing the ruler in the other 
angles, the entire curve may be described. 

To prove that ^ is a point of the ellipse, describe on the 
transverse axis a semi-circumference^ and with, G as a ceatire, 
and GH=z A as a radius, describe the arc HN. Npw MP 
will be equal to HF. But by similar triangles, we have 




■ By or the difference of the 



that is 



GH : OH :i FH PH, 
A : B :: PM : PH; 



hence, the point H is on the ellipse. 
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PROPOSITION rV. THEOREM. 

If through the vertices of the transverse axis two supple^ 
mentary chords he drawn^ the product of the tangents of the 
angles which they form with it^ on the same side, will be 
negative and equal to the square of the ratio of the semi-axes. 

Tte equation of a straight line 
passing through the point A, of 
which the co-ordinates are 

a/=:— X, y'=^0, 18 

and of a line passfaig through B, of which the co-ordinates 
are a/=+i4, j/=0, 

y = a(a?-i4). 

- If these lines intersect each other, we have 

but if they intersect on the curve of the ellipse, x and y 
must satisfy the equation 

B^ B^ 

By combining these equations, we find 

A* 

Scholiui^' 1. In the equation 



(ujI = 



A* ' 

there are two undetermined quantities, a and cl : hence, an 
infinite number of supplenentary chords 'may be drawn 
through the extremities of the diam<!ter AB. 
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If, however, a value be assigned to a, or a', that is, if one 
of the supplementary chords be given in position, the equa- 
tion of condition will detennine the other, and therefore the 
corresponding supplementary chord may also be drawn. 

Scholium 2. If the ellipse becomes a circle, we shall 
have 

aa'=-l, 

or « aa'+l=0; 

which shows, that the supplementary chords are perpen- 
dicular to each other, a property before proved (Bk. Ill, 
Prop. II). 

Scholium 3. The supplemen- 
tary chords which are drawn 
through the extremities of the 
transverse axis form with each 
other an obtuse angle. AY 

For, if on the transverse axis 
the circumference of a circle be 
described, all the points of the 
ellipse will be within it. 

Hence, the angle formed by two supplementary chords of 
the «Uipse will be within the angle formed by the correspond- 
ing supplementary chords of the circle, and will therefore be 
the greater angle. But the angle formed in the circle is a 
right angle ; hence, the angle formed by the supplementary 
chords in the eUipse is obtuse. 

It may be shown, in a similar manner, tha4 the angle 
formed by the supplementary chords drawn through the 
extremities of tlie conjugate axis, is acutd. 

To determine at what point of the ellipse the maximum 
angle is formed, denote the angle PBX by «/, the angle 
PAB by «, and their langents by a^ and a : designate the 




^1h 
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angle APB by V. Then, F= «^ - i», and 

t«ngF = -|^. (Trig. Art. XXV). 

But sinte al is negal^^ye, we may give to it its sign, and 
place the numerator under the form — (o^ + a) ; and since 

A' 
We tiaye 

• ., tangF=-^— ^ 

Now, as V exceeds 90° it will have the greatest value 
when i\fi tangent has the least value. But since the denomi- 
nator in the second member is a constant quantity, that 
-member will be the least when the numerator — (a! + a) is 
the least. 

But, since the product da has a given value, the sum will 
be the least when a! ^ a, or by replacing the minus sign^ 
when --a'^a. 

Hence, when the angles which the supplementary chords 
form with the transverse axis, on the same side, are supple- 
ments of each other, the angle formed by the chords v^ill be 
the greatest possible, and their point of intersection vrill be at 
one of the vertices of the conjugate axis. 

It might be proved, in a similar manner, that if the supple- 
mentary chords were drawn through the vertices of the 
conjugate axis, the least angle would be formed when their 
point of intersection is found at one of the vertices of the 
transverse axis. 
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P' 



PROPOSITION V. PROBLEM. 

To find the equation of a straight line which shall he 
tangent to an ellipse. 

The equation of the ellipse is 

Take any point of the curve, 
as P, and designate its co-or- 
dinates by a/', t/'. Through 
this point draw a secant line : 
its equation will be of the form 

it is now required to find the value of a when the secant 
line PP' becomes tangent to the ellipse. 

Since the point P is on the curve, we shall have. 

Subtracting this from the equation of the ellipse, and we 
have, 

A«(y« - f^) + B\a» - a/'^) = 0, 

or A«(y +y')(y-y'0 + -P'(^ + ^0(^-^0=O; 

in this equation x and y are the co-ordinates of any point of 
the ellipse. 

If this equation be combined with the equation of the 
secant, x and y in the resulting equation, vnll be the co- 
ordinates of P'i the second point in which the secant inter- 
sects the ellipse. They are most readily combined by 
flubstituting for y^-}/^ its value t$iken from fli^ equation of 

the secant. Substituting, we obtc^^ 

10 
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and dividing by a? — a/\ we have 

A\y + t/')a + B«(a? + a/') = 0. 

If now we suppose P' to move towards P, we shall hare,- 
at the time it coincides with it, 

sp = a/^, and y^x/^ ; 

and the last equation will give 



AY ' 

Substituting this value in the equation of the line passing 
through P, and w^ have 

or by reducing 

or' A^yx/'-\r -B*a!a/'= AY^ + ^a/'*, 

or, A'yj^'H- B'xs/'^ A«jB«, 

in which y and a? are the general co-ordinates of the tan- 
gent line. ^ 

Scholium 1. We can easily prove, as in the circle, that 
every point of this line, except the point of contact^ lies 
without the ellipse. 

We have the equati(His 

A^yy^^+B*xa/^-A*B*, 

, If we subtract twice the first equation from the second^ 
and then add Ay + B*a^ to each member of the resulting 
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equalioii, it may be put under the form 

The first member of this equation is positiye; therefore 
the second member is positive : hence, every point of thf 
tangent line lies vrithout the ellipse, except the point of con- 
tact, the co-ordinates of which reduce both members to 
(ftop. I, Sch. 5). 

Scholium 2. To find the point in which the tangent in- 
tersects the axis of abscissas, we make y = in the eqwtion 

AVy' + -B*^a/'=:i4«JB«, 
A« 



1^' 




which gives x = 

and this value of x is equal to CT, 

If from CT we subtract 
CR, which is designated by 
-a/', we shall obtain 

This distance is called the 
sub^tangent, and is, as its name implies, the projection of the 
tangent on the axis of abscksas. This^ expression for the 
9ub-tangent is independent of the conjugate axis, and will 
therefore be the same, for all the ellipses having the same, 
transverse axis AB^ and the points of tangency in the same 
perpendicular RP. 

If we determine, in like manner, the sub-tangent on the 
conjugate axis, it will be found to be independent of the 
transverse axis* 

Scholium 3. The property just proved, offers an easy 
construction for drawing a tangent line to an ellipse at a 
given point 
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Let P be the given point. 
On ABf describe a semi-cir- 
cumference, and through P, 
draw PR perpendicular to 
ABj and produce it till it 
meets the circumference at 
P^. Through P^, draw a tan- 
gent line to the circumference of the circle, and from 7*, 
where it meets AB produced, draw TP, and it will be 
tangent to the ellipse at P. 

The angle CPT being a right angle, the angle CPT, 
which lies within it, is obtuse. Hence, the angle formed by 
a tangent line, and the diameter passing through the point of 
contact, will be obtuse if estimated on one side of the diame- 
ter, and acute if estimated on the other. 

If, howeyer, the point of contact is at either vertex of the 
conjugate axis, the tangent Une to the ellipse will become 
parallel to the tangent line to the circle, and consequently, 
perpendicular to the conjugate axis. Or, if the point of tan- 
gency be at either vertex of the transverse axis, the tangent 
line to the ellipse will coincide with the tangent line to the 
circle, and will therefore be perpendicular to the transverse 
axis. 

PROPOSITION VI. PROBLEaM. 

To find the equation of a normal line to the ellipse. 

Since the normal passes through the point of tangency, 
its equation will be of the form 

and since it is perpendicular to the tangent, we shall have 
aaf+ 1=0. 
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AY ' 

A* ti" 
hence, o'=™5;. 




B*af> 



Substituting this value, and the equation of the nomuj will 
become 

Scholium. To find the point in which the normal inter- 
sects the axis of X^ make y = 0, and we have 

A* 

If we subtract this value from C/J, which is designated 
by a/'f we shall find 



which is called the sub-normal. 



PROPOSITION yn. theorem. 

if one of the supplementary chords of an ellipse be parallel 
to a tangent line to the curves the other will be parallel to 
the diameter which passes through the point of contact: and 
conversely, 

If one cf the chords be parallel to the diameter which 
fosses through the point cf contact^ the other wUl be parallel 
to the tangent line. 
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The equation of a line 
passing through the centre 
of the ellipse is of the form 

The condition of its pass- 
ing through the point of con- 
tacty will give 




hence, 






But we have found the tangent of the angle which the 
tangent line makes widi the transverse axis, to be 



a = 



J5«a/' 



Mult^lying the members of these equations together, we 
obtain - 

By comparing this equation with the equation in Prop, 
^y, we see, that the product of the tangents of the angles 
which the diameter luid tangent line make with the trans- 
verse axis, is equal to the product of the tangents of the 
angles which the supplementary chords form with the axis. 
Hence, if in these equations we make 



we shall have 



a =0, 



diKl b, if Qoechoid is paxallel to (he tangent, the other will 
be fNffellel to the diameter passing through the poont cf 
contact. 



Digitized by VjOOQIC 



BOOK IT. 



116 



Or, if we make 



we shall have 



d^€l. 



a =a; 



that is, if one of the chords be madd parallel to the diameter, 
the other will be parallel to the tangent. 

Scholium 1. The equation of the ellipse being sym- 
metrical with respect to its axes, the properties which have 
been ^demonstrated with respect to the tangent, diameter, and 
the supplementary chords, when referred to the transrerse 
axis, are generally true with respect to the conjugate axis. 

Scholium 2. These properties also afford an easy method 
of drawing a tangent line to an ellipse at a given point of the 
curve. 

Let C be the centre of an 
ellipse, AB the transverse 
axis, and P the point of the 
curve at which the tangent 
is to be drawn. 

Through P draw the semi- 
diameter PCj and through 
A draw the supplementary 

chord AH parallel to it. Then draw the other supplemen* 
taiy chord BH, and through P draw PT parallel to BH; 
then will PT be the tangent required. 

Scholium 3. The same 
property vnll likewise ena- 
ble us to draw a tamgent line 
to an eUipse which shall be 
parallel to a given line. 

Let AB be the transverse 
.axis of the ellipse, and M 
ihe^vw Ime. 
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Through the vertex B 
draw the supplementary 
chord BG parallel to M. 

Then draw AG, and 
through the centre C draw 
CP parallel to AG and 
produce it till it meets the 
ellipse again at P^. Through 
P ox P' draw a parallel to GB^ and it will be the tangent 
required. 

We see, from this construction, that if two tangents be 
drawn to the ellipse through the two extremities of the same 
diameter, they will be parallel to each other. 

• 

PROPOSITION VIQ. TEEEOREBL 

If a line he drawn tangent to an ellipse at any pointy and 
two lines he drawn from the same point to the two foci ; then^ 
the lines drawn to the foci will make equal angles with the 
tangent. 

Let C'be the centre of the 
ellipse, PT the tangent line, 
and PjF, PjP, the two lines 
drawn to the foci. 

Denote the distance 

CF=VA«-jB* by c, CP 

by - c, the angle FPT by 

F, and the tangents of the angles PTX, PFT, by a and of. 

We shall then have (Bk. II, Prop. VII), 




But the equation of the line FP passing through two 
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points of which the cfhordkaitea are a/, y', a/', y", is (fik. II, 
Prop. V), 

But the co*ordinatfes of the focufl F are a/z=c, yf—0; 
hence we have, 

for the equation of FP ; hence we obtain. 
But we also have 



a = 



A*y"- 
Substituting these Talues, and we obtain, 

*^8 ^^^= A'cy"-{A*-P)a/Y' 
which reduces to 

■B* 

by observing that the point of tangency is on the ellipse, and 
that c« = A« - jB«. 

The equation of the line PF will become the equation 
of the line PjP, by simply changing + c into — c, for then 
the line would pass through the focus P. 

Hence, the angle FPT will become the angle F^PT by 
changing +c into — c. 

This gives the 

tang FPT=-^. 

Now, since the angles FPT, PPT, have equal tangents 
with contrary signs, they wiU be si^lemtots of each othet 
(Trig. Alt. XIII)- 
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Hence FPT + PPT^ liBOo. 

Btit, PPH+PPT = 180O; 

therefore, FPT =iPPH. 

Corollary, The nonnal' being peipendicular to the tan- 
gent will bisect the angle included between the two lines 
drawn to the foci. 

Scholium 1. The last proposition furnishes a siii^)le con- 
struction for drawing a tangent line to an ellipse at a given 
point of the curve. 

Let P be the given point. 
F^m P draw the lines PF 
and PF to the foci. Pro- 
duce FP until PM shall be 
equal to PjF, and draw FM. 
Then draw PT perpendicu- 
lar to FM and it will be the 

tangent required, since it makes equal angles with the ^lio^s 
PF and PF. 

Scholium 2. ^he same properties will also enable us to 
draw a tangent line to the ellipse, through a given point 
without the curve. 

Let M be the given point. 
With either focus, as F, as a 
centre, and a radius equal to 
the transverse axis, describe 
the arc KNK^. Then, with 
^ a« n. centre, and a radius 
equal to AfF, the distance to 
the other focus, describe the 
arc FKHK\ intersecting the 
former in K and K^. Through 
JST, draw KF; and through 
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P, where it intersects the ellipse, -diaw the itraight line MP, 
and it will be tangent to the ellipse at P. 

For, since P is a point of the ellipse PP + PF is equal 
to the transverse axis. But PP + PK is equal to the trans- 
reise axis, by construction. Hence, PF = PK. 

Further, since the arc FK is described from the centre if, 
MF = MK : hence, the line MP has two of its points equally 
distant from the points F and K: it is therefore perpen- 
dicular to FK (Geom. Bk. I, Prop. XVI, Cor.) ; and since 
the triangle FPK is isosceles, MP will bisect the vertical 
angle P. The opposite ang^le FPM, being equal TPK, is 
equal to FPT: hence, MT is tangent to the ellipse. 

Scholium 3. The two arcs KHK\ KNKy will in general 
intersect each other in two points, K and K'. There will, 
therefore, be two Unes, KF^ K^F, drawn to the focus Fy 
and two points of contact, P, P', and consequently two tan- 
gent lines MP, MP^. 

It may also be shown analytically, that two tangent lines 
can be drawn to the ellipse from a given point without the 
curve. 

The equation of the tangent is 

and if the tangent be. made to pass through a given point, 
whose co-ordinates are a/, y, the equation will become 

But since the point of contact is on the curve, we aba have 

In these two equations all the quantities are known, except 
^^9 !/\ which may therefore be found, and since the equa* 
tion of the tangent line is of the first degree, with respect to 
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t/\ }/\ the equation which results from the combination of 
the two equations will be of the second degree, and will 
therefore give two values for a/' and two values for y'', 
which values will be real, if the given point lies vnthout the 
curve. 

Of the EUipse referred to its Conjugate Diameters. 

Two diameters of an ellipse are said to be conjugate, when 
either of them is parallel to the two tangent lines which may 
be drawn through the vertices of the other. 

Since two supplementary chords may be drawn respec- 
tively parallel to a diameter and the tangent lines through its 
vertices (Prop. VII), it follows, that two supplementary 
chords may always be drawn parallel to any two conjugate 
diameters. 

Therefore, if we designate by a and a^ the tangents of the 
angles which two conjugate diameters make, respectively, vnth 
the transverse axis, these tangents must satisfy the equation, 

acr = — . 

Let us designate the corresponding angles by « and «^ 
We shall then have, 

sin « J _> sin «' 

a = and af= 



cos « cos «/ ' 

Substituting these values in the last equation, and reducing, 
we obtain 

A* sin « sin «/ +B^ cos « cos «'= 0. 

which expresses the relation between the angles which two 
conjugate diameters form with the transverse axis, and is 
caUed, liie equation of condition for conjugate diameters. 
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In the equation of condition, * and «^ are undetermined. 
Hence, any value may be assigned, at pleasure, to either of 
them; and when assigned to one, the value of the other 
can be determined from the equation of condition. 

If « = 0, we shall have sin « = 0, and cos « = 1 . Hence, 
5* cos «'=0, and consequently, cos «/=0, or «'=90°. 
Therefore, v\rhen one of the conjugate diameters coincides 
with the transverse axis, the other virill coincide virith the con- 
jugate axis. The axes, therefore, fulfil the condition of 
conjugate diameters, a^ they should do, since each is parallel 
to the tangents drawn through the vertices of the other. 

The axes are the only conjugate diameters which are at 
right angles to each other. 

For, if there are others, 

«/ — • = 90°, or -^ r= 90^ + «, 
which gives, 

sin «' = sin 90® cos « + cos 90° sin « = + cos «, 
cos «' = cos 90° cos « — sin 90° sin « = — sin «. 

Substituting these values in the equation of condition, 

A' sin « sin «' + J5* cos • cos •Z = 0. • 
and we have, 

(A* — 5*) sin «cos « = 0, 

an equation which cannot be satisfied unless 
« = or • = 90. 

If, however, we make A = J?, the ellipse will become a 
circle, and then the equation of condition will be satisfied for 
all values of « ; which proves, that, in the circle all can- 
jugate diameters are at right angles to each other. 

11 
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PROPOSITION IX. PROBLEM. 

To find the equation of the ellipse referred to its centre and 
conjugate diameters. 

The equation of the ellipse referred to its c^itre and 
axes is. 

The formulas for passing from rectangular to oblique co- 
ordinates, the origin remaining the same, are (Bk. II, Prop. 
XI), 

ap = a/ co8« + y^cos«', y = a/ sin« + y'sin«'. 

Squaring these values of x and y, and substituting in the 
equation of the elUpse, we have 

C(A*sin««'+5«cos»«^)/«+(A*sin»«+5«cos««y* ) _ .,«, 
\ +2(A«sin«sin-*' + jB«cos-cosi*')a/y ^ -A /r. 

But the condition that the new axes shall be conjugate 
diameters, gives 

A* sin « sin «' + 5* cos « cos «/ = 0; 
hence, the equation reduces to 
(A« sin« Mf + JP cos* Mf)i/* +(A« sin* • + 5«cos««)a/«=: A*5*. 

But the equation can be placed 
under a more simple form by in- 
troducing the semi^conjugate di-* 
ameters CB^ and CI/, which 
we will represent by A' and JB'. 

If we make y' = 0, we shall 
have 

A" sm* • + JB* cos* • 
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If we make y = 0, we shall have 

The' denominators in the two last equations are the cb- • 
efficients of a/\}/*j in the equati(»i from which they were 
deduced. Finding their values, and substituting them in that 
equation, and reducing, we obtain 

or omitting the accents of a/ and y^, since they are .general 
variables, we obtain 

for the equation of the ellipse referred to its centre and con- 
jugate diameters. 

Scholium 1. The equation of the ellipse referred to its 
centre and conjugate diameters being of the same form as 
when referred to its centre and axes, it follows, that every 
value of X will give two equal values of y with contrary 
signs ; and every vsdue of y will give two equal values <rf x 
also with contrary signs : hence the ellipse is s}rmmetrical 
with respect to either of its conjugate diameters : that is, eithgr 
diameter will bisect all chords drawn parallel to the other 
and terminated by the curve. 

Scholium 2. The last property points out the following 
method of finding the centre and axes of an ellipse when the 
curve is traced on a plane. 

Draw two parallel chords and 
through the middle point of each ^ 
draw a straight line, and it will be 
a diameter of the ellipse. Find 
a second diameter in the same 
manner and their point of inter- 
section will be the centre C, 
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With C as a centre, describe the circumference of a 
circle intersecting the ellipse at H^ Ky N and My and draw 
HK, and HM. 

The lines drawn from C perpendicular to KHy HM 
will be the axes of the ellipse. 

* The reasons for this construction will readily suggest them- 
selves to the reader. 

Scholium 3. The equation of 
the ellipse referred to its conju- 
gate diameters is, 

If we designate any two ordi- 
nates by y, j/\ and the corres- 
ponding abscissas by a/, a/\ we shall have, 

t/* : y'^« :: {A' + a/){A'—a/) : (A^ + a/0(A' -^0- 

If the ordinates be drawn parallel to AJ?, it may be readily 
shown, that, 

Hence, the squares of the ordinates to either one of two 
conjugate diameters^ are to each other as the rectangles of 
the segments into which they divide the diameter. 

Scholium 4. This property 
enables us to describe an ellipse 
by points when we know two 
conjugate diameters and the an- 
gle which they form with each 
other. 

Let AJS, EDy be two conju- 
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gate dlameterft. Turn ED round the centre Cy until it 
becomes perpendicular to AB^ and then describe aa ell^se 
en AB and Miy as axes. 

Take any ordinate to the transyerse axis as FH^ and 
incline it until it becomes parallel to CD: the points JFT, Wy 
will be on the ellipse described on the conjugate diameters 
AJ5, jBD. In a similar manner any number of points may 
be found. 

Scholinm 5. To detenmne whether there* are any conju- 
gate diameters that are equal to each other, we make A'^ Bf 
in the equatioas 



'A*sin*« + -B*coa*-' ii*sin««'-hfi«co«^«'* 

this will give 

A^ sin* ^'H- JB* cos« i«'= A* sin« * + J5* cos* «, 

If there axe any unequal values of « and «^ which will 
satisfy this equation, such vedues will give equal conjugate 
diameters* 

If we substitute for sin**/, 1— cos*«^, and for sin^«, 
I _ cos' «s "^^ ^^ have, 

A« - A* cos« «/+ ^ cos* -«'= A* - il« cos« # + 5* wd* «, 
or (A« - 5*) cos* -^ =(A* - 5*) cos* «; 

hence, cos «'= — cos «, 

or «'+«?3l80®. 

Hence, Ist. The mual eof^t^gv^e ^iimmtars ure faroMel 
ta the. supglementary chords Joimng the verticu qf 1S^ M^ 
(Prop. IV, Sch. 3). 

2d. They form with each other the greatest angle which 
can he contained by cotgugate diameters. 
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Scholium 6. The parameter of any diameter is a third 
proportional to the diameter and its conjugate. Thus, if J* 
designate the parameter of the diameter 2A\ we shall have, 

2A' : 2B^ :: 2jB' : P, 

Scholium 7. The parameter of the transverse axis is 

2B* 2i(* 

equal to — r— ; and of the conjugate axis to -~^- . 
A Jj 

It is etsily shown, that the chord drawn through the focus, 
and perpendicidar to the transyerse axis, is equal to the para- 
meter of that axis. 

Scholium 8. If through the extremities of either of the 
Oonjngate diameters two supplementary chords be drawn, they 
will enjoy properties analogous to those of the supplementary 
chords drawn through the vertices of either axis. 

Let AB be the conjugate diame- 
ter, which is designated by 2A\ 
This line vrill represent the axis of 
J7, and DI/ will correspond to .. 
Y. Designate the angle DCB by 
/I. Then, if through jB, whose co- 
ordinates are y^=0 and af=A'j 
a right line be drawn, making with 

AB an angle equal to «, its equation vrill be of the form 
(Bk. 11, Prop. IV)„ 

y = a(a?— AO, and a = .^^ "* ^ 

If through A, whose co-ordinates are ^ = 0, a/= — A'^ 
a second right line be dravm, making with AB an angle «^ 
we shall have, 




V 
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Combining these equationv with each other, and with the 
«|aation of the ellipse 

we obtain A'^aaf+ JB'* =0 

£or the equation of condition when the lines are supplemen- 
tary chords. In this equation, a and c^ express the ratio 
of the sines of the angles which the supplementary chords 
make with the conjugate diameters. 

PROPOSITION X. PROBLEM. 

To find the equation of a tangent line to an ellipse referred 
to its conjugate diameters. 

If the co-ordinates of the point of contact be designated by 
a/', y , the equation of the tangent will be of the form 

in which it is required to determine the constant quantity a. 
To do this, combine the last equation with the equations 

AY + B^x" ==A^^, 

AY^ + B'a/'^ = A^B', 

as in Prop. V ; and we shall find 



a = 



«nd the equation of the tangent will become 

or by reducing A'*yt/f+B'*a!x"=A'*B^^ 

whidi ia of the same fona as in the cafe of the axes. 
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Scholium 1. If a line be drawn tfarou^ tbe ocigiii of 
co-ordinates, its equation will be of the finm 

If this line passes through the point of tangency, the equa- 
tion will becosie 

y" = a'a/', whence, c' = ^ . 

If this value of of be multiplied by that of a, in the equa- 
tion of the tangent, we have 

By comparing this equation with that deduced in the eighth 
scholium of the previous proposition, we see, that the same 
relations exist between the angles which a tangent and the 
diameter passing through the point of contact, form with the 
.axis of JT, as exist between the angles which the supple- 
mentary chords form with the same axis* 

Therefore, if we make 

we shall have 

that is, if the tangent be parallel to one of the supplemental^ 
chords, the diameter passing through the point of contact will 
be parallel to the other : and conversely, if the diameter is 
parallel to one of the supplementary chords, the tangent at 
the vertex will be parallel to the other. 

This is the same property, with respect to any diameter, 
as was proved in Prop. VII, with respect to the transverse 
axis. 

Scholium 2. This property enables us to draw a tangent 
line to aa eUipae» at a given point, withcmt knowng the axet; 
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Let P be the point of the curve 
at which the tangent is to be 
drawn. 

Find the centre C of the ellipse, 
as in Scholium 2 of the last pro- 
position : draw CP, and a diame- 
ter ACS. Draw AH parallel to 
CP, and join H and B. Then draw PT parallel to HB, 
and it will be tangent to the ellipse at P. 

Scholium 3. The same property also enables us to find 
two conjugate diameters which shall make a given angle with 
each other. 

Let AB be any diameter of 
the ellipse, and C ^e given angle 
which the required conjugate di- 
ameters are to make with each 
other. 

On AB, describe an arc capable 
of containing the given angle C 
(Geom. Bk. Ill, Prob. XVI). 

Through the point N, in which this arc intersects the ellipse, 
draw the supplementary chords AN, BN. Through the 
centre, draw two diameters respectively parallel to these 
chords, and they will be conjugate diameters, and make with 
each other the given ^gle. 

If the given angle is equal to 90°, the conjugate diameters 
which are found will be the axes of the ellipse. 

If the angle is greater than the angle formed by the supple- 
mentary chords drawn through the vertices of the axes, the 
problem will be impossible, and the circumference of the 
circle will intersect the ellipse only at the points A and B, 
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PROPOSITION XI. PRCffiUOf. 

3b find tike equations tokieh shdB eatress Ae rekaion 
between the values of the aaees <^ on eJUpse^ and the values 
of any two conjugate diameters. 

The equation of the ellipse referred tcf it3 conjugate diame- 
ters, is of the form 

and the formulas for passing from oblique to rectangular axes, 
&e origin remaining the same, are (Bk. 11, Prop. XII), 

^_ gsin<i/— ycos*^ ,_ ycos* — a?sin#^ 
8in(-^--i) *^" sin («'-•) ' 

Substituting these values of t/, a/, we have 

(•d« coB^^+B^ cosV) y»+ {A^ sin«i»+ J}« sinV)«» 
— 2(jJ'» sin« cos •+B'» sin tf* cos «')*? =-^-B'»sin8(«'— ^), 

for the equation of the ell^e refexred to its centre and axes. 
But « and «^ must have such values as to make this equa- 
of the known form. 

We must therefore have, 

^^«co8"# + B'* cosV- A\ 
A'*sin«* + jB'*sinV=J3-, 
A'^ sin • cos « + B^ sin ^^ cos «^=0, 
A^B"* sin* («'- •) = A*5*, 
r A'jB'sin(i/--») = AB. 
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If we add die first and second equations, we shall obtain 

If to the two last equations, we unite the equation 

A* tang • tang -'-j. B* = 0, 

which determines the position of the conjugajte diameters 
with respect to the axes, we shall have th^ three following 
equations : 

A*tang«tang-«'+B' = 0,' ' (1) 

A'5' sin («'-.•) =A5, (2) 

A^ + B'» =A* + 5*, (3) 

which express the relations that exist between the axes of an 
elliflBe and any two of the conjugate diameters. 

Scholium 1. These equations contain six quantities : 

A, 5, A^ 5^ m, mf. 

If three of these six quantities are known, or given, there 
will be but three unknown quantities entering into the three 
equations ; the values of these may, therefore, be found from 
the equations. 

Scholium 2. If we know the angle which the coiqugate 
diameters make with each other, it will be equivalent, to 
knowing • or «/. For, designate the known angle by fi ; 

then, ut^M^izf^^ 

or «'=/» + #; 

hence, tang -/= tang (/» + .) = g^^^. 
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Substituting this value of tang «^ in the first equation, and 
we have 

ii* tang* « + (A*- B*) tang • tang fi + B* = 0; 

from which we can find tang «, and consequently «, in terms 
of the axes and the known quantity, tang fi. 

Scholium 3. To iateipret the second equation, 
A'5'sin(-'-«) = ii5, 

let us suppose the eUipse 
whose centre is C, to be 
circumscribed by a rect- 
angle fonned by drawing 
tangents at the vertices of 
the axes, and also by a 
parallelogram formed by 
drawing tangents at the 
vertices of the conjugate 
diameters, which are represented by 2ii' and 2jB'. 

From M draw MK perpendicular to CN. The angle 
NCP is designated by •^ — «, and since MNC is the sup- 
plement of NCPy its sine will be equal to sin («^ — «). 
Further, NM=: CP = A'. Therefore (Trig. Th. I, Cor.), 

Miir= A' sin («'-«). 

Hence, A'B' sin (i^- •) = CPMN (Mens. Prob. I). 

The second member. Ax B, is equal to the rectangle 
CBHD. But the parallelogram CPMN is one-fourth the 
parallelogram ML, and the rectangle CBHD is one-fourth 
the rectangle HF: hence, the second equation expresses the 
following property : 

The rectangle which is formed by drawing tangent lines 
through the vertices of the axes, is equivalent to the parol- 
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lelogram which is formed hy drawing tangents through the 
vertices of conjugate diameters. 

Scholium 4, To interpret the third equation, 

we first multiply both members by 4, and obtain, 

4ii^« + 45^« = 4A« + 45*, 

which expresses the following property. 

The sutn of the squares described on the axes of an ellipse 
is equal to the sum of the squares described on two conjugate 
diameters. 

Of the Polar Equation of the Ellipse and the 
Measure of its Surface, 

PROPOSITION Xn. PROBLEM. 

. To find the general polar equation of the ellipse. 

If we designate the co-ordi- 
nates of the pole P, by a and 
(, and estimate the angles v 
from the line PJF parallel to 
the transverse axis, we shall 
have the following formulas 
for passing from rectangular 
to polar co-ordinates (Bk. It, Prop. XV) : vizi, 

a? = a + r cos «, y = 6 -h r sin v. 

If we substitute these values of x and y in the equation, 




12 
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we obtain 



A* sin*t; 



r^ + 2A*b sin V \r + A*b* + B*a^ " A^B* = 
+ 2B*acosv 



-which is the general polar equation of the ellipse. 

Scholium I. If we sup- 
pose the pole P to be placed 
on the ellipse, its co-ordinates 
a and b will satisfy the equa- 
tion of the ellipse, and give 

The polar equation will then reduce to 




A^9m*v 
+ B*cosH) 


r* + 2 A'i sin t; r 
+ 2B*acosv 


which becomes 


A^sinHj 
+ B* cosHj 


r + 2A^b&mv ; 
+ 2-B*acost; 



}=<» 



by dividing by that value of r which is 0. 

The value of r, in this equation, represents the distance 
from P to the second point in which the radius-vector meet» 
the curve. 

If we make the second value of r also equal to 0, the two 
points in which the radius-vector intersects the ellipse will 
unite, and the radius-vector will become tangent to the curve. 
Making r = 0, we obtain 



2A^b sin t; + 2B*a cos v = ; 



hence, 



tang w = — 



B*a 

An' 
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which represents, as it ought to do, the tangent of the angle 
which the tangent line makes with the axis of abscissas. 

Scholium 2. If the pole be placed at the centre of the 
ellipse, its co-ordinates will become 

a = 0, i = 0. 

Substituting these values in the general polar equation, 

and it will gire 

AB 
r= — — 

V A* skt^t; + B^ cos*t; 

Making t; = 0, we have 

r=:A. 
If we mske v = 90^, we have 

r = B. 

If we suppose A = JB, the ellipse will become a circle, 
and we shall have 

r = A 

for all values of v. 

Scholium 3. Let us now discuss ihe polar equation when 
the pole is placed at either of the foci. 
The co-ordinates of the focus F, are 



If these values be substituted in the equation 



A* sin*t; j r* + 2 A*6 sin t; 
+ B^ cos't; j + 2B'a cos v 

at reduces to 



r + A*i«-|--8V-A«5* = 0, 



(A* gm*« + B* cos*«)r' + 2B*u cos t;.r = J5*. 
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ReBolymg the equation with reference to r, and the radical 
part becMBes 

jB* (A* 8in«t; + JB* co»«t)) + B*a« co8»v, 

which, by placing for a* its value A* — 5*, reduces to 

A«Jff*(sin«« + cos«t;), or A*B^ I 

which gives two rational values, 

_ ^(g COS v — A) J _ J^(g cos t; + i4) 

"" A* sin*v + B*cos*t; ' "" il*sin"«+B* co8*t; ' 

These values may be placed under more simple forms* 
for we have, by substituting for sin*t;, 1 — cos*«, 

A* sin'v + B* cos*r = A* — (A* — B^)cob*v ^A^ — a^ cos'w. 

But we also have 

A* — a* cos*t; = (A + a cos v){A — a cos v), 

which being substituted in &e values of r, will give 

B* . B* 

r= — J- , and r = — 



A + a cos V A ^ a cos t> 

Now, the second value of r is constantly negative for all 
values of v. For, the numerator B^ is positive, and in the 
denominator a<,A and cos t; < 1 ; hence, A — a cos v is 
positive ; therefore, the essential sign of the second member 
is the same as its algebraic sign, that is, negative. Hence, 
this value must ^e rejected. 

In regard to the first value, 

B* 

r = ; , 

A + a cos t; 
it will give points of &e curve from t; = to t; = 360°, which 
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wiD determine the entire ellipse. In this equation, the values 
of r begin at the vertex nearest the pole. 

Scholium 4. The pole can be removed to the focus F 
by simply changing the sign of a. We should then have 

r = 



A — a cos V 




in which the values of r begin 

at the vertex farthest from the \^ ^y^ \ 

pole, and v increases in the same 

direction as before, from to B6(P. 

Scholium 5. It simplifies the polar equation to introduce 
into it the eccentricity (Prop. I, Sch. 4). 
Designate the eccentricity by e ; then, 

a . 

— = €, or a = Ajb. 
A 

i 

Also i!^J?l=6«, hence, jB« = A*(1 -e*). 

Substituting these values in the two last equations, they 
become 

. = _4(ilL^, and .= #1^1^. 
l+e cos V 1 — e cos v 

Scholium 6. It should be remarked, that the common 
nmnerator in these values of r, is equal to half the parameter 
of the transverse axis. 
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PROPOSITION XIIL THEOREM. 

The area of an ellipse is equal to the product of its semi- 
axes multiplied by the circumference of a circle whose 
diameter is unity. = -^/J TV 

Let AB be the transverse axis 
of an ellipse and C the centre. 

On the transverse axis AB 
describe the circumference of a 
circle, then, if Y designate the 
ordinates of the circle, and y the 
corresponding ordinates of the 
eUipse, vire shall have (Prop. Ill), 

Y ' : y :: A : 
Y' : t/ IX A : 

y+r : y + y' 

(Geom. Bk. 11, !Prop. X), and the areas of the circle and 
eUipse are to each other in the same ratio. • 

To prove this, inscribe a polygon in the circle and from the 
angular points draw ordinates to the diameter AB. Join the 
points in vehidi these ordinates intersect the elUpse, and there 
will be inscribed in the ellipse a polygon of an equal number 
of sides. 

'We shall then have, for one of the trapezoids PNPfF of 
the ellipse, 

and for the coiresponding trapezoids PMMP' of the circle, 
FFy -J or (,_^)(^_^_J. 



B; 


and 


B; 


hence, 


A 


: B 
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These trapezoids are to each other as 

y+F to y + /, that is, as A to B, 

and the entire surfaces of the polygons of which the trapezoids 
are like parts, will be to each other in the same ratio. As this 
will hold true whatever may be the number of sides of the 
polygons, it will be true when that nimiber is indefinitely 
increased, in which case one of the polygons will become the 
circle and the other the ellipse. 

Let us designate the area of the circle by S^ and the area 
of the ellipse by s, we shall then have, 

S : * : : A : B, 

that is, the area of the circle is to the area of the ellipse as 
A to -B, and consequently, 

s _B 

But the area of the circle is equal to A**-, (Geom. Bk. V, 
Prop. XII, Cor. 2) : we shall then have fofr the area of the 
ellipse 

s = AB^. 

Corollary. The area of the ellipse is a mean proportional 
between the two circles described on the axes. Fcmt, the area 
of the circle described on the transverse axis is A'*- ; and the 
area of that on the conjugate axis is B^^ : their product is 
A*5*sr*, the square root of which i& AB^, 
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Of the Parabola. 

The parabola is a curve of which any point its equally 
distant from a fixed point and a given straight line. 

The fixed point is called the focus D 
of the parabola, and the given straight 
line is called the directrix. 

Thus, if !«" be the fixed point and 
ED the given line, and the point P 
be so moved that PF shall be con- 
stantly equal to PCy the point P will 
describe a parabola of which F is the 
focus and DE the directrix. 




PROPOSITION I. PROBLEM. 



To find the equation of the parabola. 

Let F be the focus and JDC the 
directrix. Denote the distance FB, 
firom the focus to the directrix, by p, 
and let the point A, equally distant 
firom B and F, be assumed as the 
origin of a system of rectangular co- 
ordinates of which A Jf, A y, are the 
axes. The distance AF will be equal 



to 



i- 



3 A-^ t—x 



Let X and y be the co-ordinates of any point of the curve 
as P: then will the distance FP, firom this point to P, of 



Digitized by VjOOQIC 



BOOK T. IM 

which the coordinates are a/ = -^ and y' = 0, be ex- 
pressed by 



But by the definition of the curve, 



P 



it 



Hence, 



or. 



hence, j^ = 2pa?> 

which is the equation of the parabola referred to the rect- 
angular axes of which A is the origin. 

Scholium 1. The axis of abscissas A JIT is called the axis 
of the parabola, and the origin A is called the vertex of the 
axis, or principal vertex; and the constant quantity 2p is 
called (ke parameter. 

The equation of the parabola gives 

y = * V 2paP, 

from which we see, that for every value of x there will be 
two equal values of y with contrary signs. Hence, the 
parabola is symmetrical with respect to its axis. 

We see further, that y will increase vrith x, and will 
have real values so long as x is positive. Hence, the curve 
extends indefinitely in the diresetMm of m positive. 

If WQ m^e d? = 0, we have, 
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which shows that the axis of y is tangent to the cnnre atlhe 
origin. 
If we make x negative, we shall have, 

y = ± y — 2pa?; . , 

or, y imaginary; which shows, that the curve does not 
pass the axis of Y and extend on the side of x negative. 

Scholium 2. In the ellipse the parameter of the trans- 
verse axis is a third proportional to the axes : in the parabola 
it is a third proportional to any abscissa and the corres- 
ponding ordinate. For, from the equation 

y* = 2piF, 

we have, 

X I y :\ y \ 2p. 

* 1 

Scholium 3. If the abscissa x be made equal to — p, 

2 a 

we shall have 

y«==p*, or y=p, or 2y = 2p, 

which shows that the double ordinate through the focus is 
equal to the parameter. 

Scholium 4. In the parabola, the squares of the ordinates 
are to each other as the corresponding abscissas. For, de- 
signating any two ordinates by y', y'', and their corres- 
ponding abscissas by a/, a/', we shall have 

y'« = 2pa/ and y^'* = 2jpa/' ; 

hence, y'^ : yf'^ : : a/ : a/', 

by omitting the conmion factor 2|). 

SchoUum 5. By a system of reasoning similar to that in 
Sch. 6, Prop. I, Bk. IV, we find the conditions for deter- 

* 
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curve. 



mining the position of a point with respect to the 
They are, 

for a point without the curre, y* •— 2px > ; 

for a point on the curve, y* — 2px = ; 

for a point within the curve, y* — 2px < 0. 

Scholium 6. The properties of the parabola which have 
been explained, aflFord an easy method of describing it 
mechanically. 

Let BL be a given line, and LCD 
a triangular ruler, right-angled at C 
Take a thread, the length of which is 
equal to the side CD, and attach one 
extremity at Z>, and the other at any 
point, as F. Place a pencil against 
the thread and the ruler, making tense 
the parts of the thread FP, PD. 
Then if the side CL of the ruler be moved along the line 
BLj the pencil will describe a parabola, of which F is the 
focus and BL the directrix : for, the distance PF vrill be 
equal to PC, for every position of the ruler. 




Scholium 7. If the parameter of the parabola is 
we have a simple construction for determining points 
curve. 

Let AXy AY be the co-ordi- 
nate axes. The equation of the 
curve isj 



known 
of the 



11* — 



2px. 



From the origin A, lay off a 
distance AB, on the negative side 
abscissas, equal to 2p. Then 
from A lay off any distance as 
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AP and draw PM perpendicular 
CO AX, On BP as a diameter, 
describe a senuK^iictunfereiice, and 
through Q where it intersects the 
axis AY, draw QM parallel to 
AX; the point M where it inter- 
sects PM, will be a point of the 
curve. For^ from the equation of 
the circle, 




AQ=:BA.AP, 



hence. 



y*=a: 2px, 



for any point, M or M. 



PROPOSITION H. PROBLEM. 

To find the equation of a tangent line to the parabola. 

Let ufl designate the co-ordinates 
of the point of tangency P by a/', i/^ ; 
the equation of a straight line passing 
through this point, will be 

it is required to determine a when 
the right line is tangent to the para- 
bola. The equation of the parabola is 

y*=z2px ; 

and since tlie point of tangency is on th^ curre, we also have 

Subtracting the last equation from the preceding, we obtain 

(y+y")(y-y")=2p(x-*'0. 
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Combining this with the equation of the hne passing 
through P, and we have 

or a(y + j/0 = 2p, 

in which y is the ordinate of P^« 
Making y^=zi/^y we have 

' = fr 

Substituting this value in die equation of the line passing 
through Py and we have 

or by reducing, and observing that j/'* = 2pa/\ 

which is the equation of the tangent line. 

Scholium K It is easily proved that every point of the 
tangent line, except the point of contact, lies without the 
curve. 

For, subtracting twice the last equation from 

and then adding y* to both members, we obtain 

or (y— y)* =y* — 2pa?. 

But the first member being a square, is positive ; hence, the 
second member will be positive ; therefore, the points whose 
co-ordinates are x and v> ^^ without the curve (Prop. I, 
Sch. 6). 

13 
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If tfiie co-ordinates of the point, at which the tangent 
touches the curve, be substituted in the equation, both mem* 
bers will reduce to 0, whieh shows that the point of tangency 
is on the curve. 

Scholium 2. If in t&e equation of the tangent 

we make y = 0, we shall have 
0=zp{x + a/^). 

Bolt since the factor j> is a coi»tanit 
quantity, we must have. 



that is. 







That is, the sub-tangent is double the abscissa^ or is 
bisected at the vertex. 
The analytical condition expressed by 

ir + a/'ztO, or AT+i4D = 0j 



indicates that the quantities are equal to each other, and 
estimated on different sides of the origin of co-ordinates. 

Scholium 3. This property indi- 
cates a simple method of drawing 
a tangent lino to- ibe eurte when 

the point of contact P, and the axis, 
are given. 

For, from P draw PD perpen- 
dicular to the axis, and then make 
AT=:rjii>, DrswarightKnednrougk 
T wit Pf aaditwiU h&fketsngeat 
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PROPOSITION in. PEOBLEM. 

To find the equation jof a normal line to the pardbcia. 

Let a/', y'' be the co-ordinates of 
the point of tangency. Then, the 
equation of the normal will be of 
the fonn 




and since it is perpendicular to the 
tangent 

aa'+l=0. 

But we have already found 

a^^r-n hence Vrc — JL; 

therefore, we hare 

p 

for the equation of the normal. 

Scholium 1. If in the equation of the normail 

p 

we make y = 0, and then find the yalue of x^o/'^ we 
shall have, ' 

But X is equal to the distance Aff^ and o/^ to the distance 
AR: hence, x — af'^p is equal to RN : that is, the ^5- 
normal is constant^ and ejual to half the parameter. 
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Scholium 2. This property fur-^ 
nishes an easy method of drawing a 
taogent line to the parabola, at a giren* 
point P. 

For, draw the ordinate PR to the 
axis, and from the foot R, lay off a 
distance RN==py and join P and N. 
Then draw TP perpendicular to 
PN at P^ and it will be the tangent required. 




PROPOSITION IT. THEOREM. 

A tangent line tQ the parabola at any point of the cwrve 
makes equal angles with the axis and with the line drawn 
from the point oftangency to the focus. 

Designate the co-ordinates of the point of tangency P by 
a/', y^, and the co-ordinates ef die focus JF, by 

a/=^ and y^=0. 
2 ^ 

The equation of a straight line pass- 
ing through the focus will be of the form 

and if it passes through the point of 
tangency, we shall have 

y''— y'=fl'(a/'— a/): but the co-^idinates of the focus 
being y'=0 ar'=p 




and 



/= — 2 

2 



If we designate the angle TPF by F, and the tangent 
of PTF by a, we shall have 

af'-a 



tang F= 



l-ho'a 
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But we Hare before fowd 



a=z 



--P 



//' 



then substituting for of and a their values, and observing 
that y^* = 2pa/\ we shall find 

tang V = ^,: 

hence, the triangle FTP is isosceles. 

Scholium 1. This property gives an^asy construction for 
drawing a tangent line to the curve at a given point, as P. 

Join P and the focus F: then, lay 
off from F a distance FT eq^ to 
FP, and join P and T, and PT will 
be the tangent required. 

2d Method. Draw the directrix 
BCy and from P, draw PC perpen- 
dicular to it. Draw PC, and from P 
draw PT perpendicular to FC^ and 
it will be tangent to the parabola at P. 

For, since PC and PF are equal, 
the triangle PCF is isosceles ; hence, .PT drawn perpen* 
dicular to the base FCy bisects the "vertical angle GPP. 
But because of the parallels CP^ TX, the angle CPT is 
equal to PTF: hence, PTF is equal to TPF, and Ihew* 
iote TP is tangent to the parabola at P. 

Scholium 2. We can also draw a 
tangent that shall be parallel to a 
given line. 

Let BC be the given line. At the 

focus P, lay off an angle XFP equal 

to twice the angle which the given 

line makes with the axis of X 

IFhxmAP, the point at whitii oPP 

13* 
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intersecta the curve, draw PT panM 
to BCf and it will be the tangent re- 
quired. 

For, ithe wtward angle PFX is 
e^ ual to 4he sum of the angles P and 
PTF. But PTF being equal to the 
angle which BC makes with the axis 
of X, is equal to one-half of PFX; 
hence, the angle at P is equal to half 
of PFX: therefore, the triangle PTF is isosceles, and con- 
sequently PT is tangent to &e curve at P. 

Scholium 3. The same property also enables us to draw 
a tangent Ikie to the parabola from a given point without 
the curve. 

Let G be the given point through 
which the tangent line is to be drawn. 

With G as a centre, and a radius 
equal to GF, the distance to the focus, 
describe the arc of a circle intersect- 
ing the directrix at C and C . Through 
C and (y draw two lines parallel to 
the axis JBX, intersecting the parabola 
in iP and P'. Through G, draw GP and GF, and they 
will be taoogents to the parabola at P and P'. 

Vor, join P and the foeus F. Then, since P is a point 
olthe parabola PP= PC; and by constructi<» CrP= GC: 
hence, the line GP has two points, G and P, equally dis- 
tant from C and F: it is, therefore, perpendicular to CF 
(Geom. Bk. I, Prop. XYI, Cor.) ; and is consequently a tan- 
gent, by scholium 1. 

It may be proved in a similar manner, that GP^ is tangent 
to the curve at P'. 

. Scholium 4. It may be shown analytically^ that two tan* 



, 


c 


^y^'^ 


^1 
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B 
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gents can be drawn to th» parabola isom any point with- 
out the curve. 

Denote the co-ordinates of the given point without the 
curve by a/, 1/ : the equation of the tangent will Iben become 

but since 4he point of contact is on the curve, we also have 

t/'* = 2pa/\ 

Combining these equations, we shall find two real values 
for a/\ and two values for 1/^ : but these values will be the 
co-ordinates of the points of contact : hence, there are two 
points of contact, and therefore, two tangents may be drawn 
to the curve from a given point without. 



K 



PROPOSITION V. THEOREM. 

If from the focm of a parabola a line be drawn perpen- 
dicular to a tangent. 

1st. The point of intersection will be on the axis of Y : 
and, 

2dly. The square of the perpendicular will vary jas the 
distance from the focus to the point of contact. 

The co-ordinates of the focus F 
being, a/ = -^, 5/ = 0, 

the equation of a line passing through 
it, will be 




'=4-i> 



But the condition that this Une 
shall be perpendicular to the tangent 
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gives, 00' + 1=0, hence, 

a'=_i-c=_l=_y!. 



the equation of the perpendicular 
therefore becomes, 

. = .t.(,-Z. 



('-i> 




Combining this with the equati<»i 
of the tangent line, whidi is 

and substituting for t/'^ its value ^p^\ and reducing, we 
find, 

a?(2a/'+i>) = 0; 

an equation which can only be satisfied when a? = 0: hence, 
'the. point H at which the perpendicular meets the tangent is 
on the axis of Y. 

To prove the second part of the proposition we hare tmly 
to consider, that in the right-angled triangle TFHy 

FH^ = FTx FA, (Geom. Bk. IV, Prop. XXIIIX 
or, FH=FPxFA, 

But FA is constant, being equal to -^ : hence, JTH* 
varies as the distance FP. 
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Of the Parabola referred to Oblique Co-ordinate 
Axes, 

We have thus far deduced the properties of the parabola 
from its equation, obtained by referring the curve, to a system 
of rectangular co-ordinates, having their origin at the vertex. 
We now propose to develop some of the properties of the 
curve by referring it to a system of oblique co-ordinates. 

PROPOSITION VI. PROBLEM. 

To find a system of co-ordinate axes, such,, that the equa- 
turn of the parabola when referred to them, shall be of the 
same form as when referred to rectangular axes having 
their origin at the vertex. 

The formulas for passing from rectangular to oblique axes, 
are (Bk. II, Prop, XI, Sch.), 

a? = a + a/ cos « + y' cos «/, y = 6 + a/ sin « + y' sin •'j 

in which it is required to find such values for the undeter- 
mined constants a, 5, «, and <i^, as to cause the new axes to 
fulfil the required conditions. 

Substituting .the values of x and y in the equation 

y* = 2 pa?, 
and it becomes, 

j/* sin*«/ + ^(xfyf sin « sin «'+ a?^* sin*« + 6* — 2ap ) _ q 
4-2(6sin«/— pcos«i')y'+2(6sin«— j>cos«»)a/ > ^ * 

In order that this equation shall be of the form 

y* = 2px, 

we must give such values to the undetermined constants as 
shall make, 
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y-2ap = (1) 

sin « sin V = (3) 
6.ain •' — p cos V ^ (4)^ 

'and we are tit liberty to assign four arbitrary conditions, -since 
•flierc are four undetermined quantities. Having introduced 
these conditions, the equation becomes, 

Let us now consider these four con- 
ditions separately. 

'The first equation of condition is 
of the same form as the equation of 
the parabola referred to the primitive 
c8ies. Therefoie, the co*ordinates ef 
the new origin will satisfy the primi- 
tive equation, and hence the new origin 
is on the curve at some point as A\ 

In the seccmd equation of condition, we have, 

sin*» = 0, hence, « = 0, 

^hich showiiyithat itKe new ads ofabsoissas JU, ispiwaUel to 
the primitive axis AX. 

The third equation of condition 

sin « sin «/ = 0, 

is satisfied "by virtue of the sin« = 0; hence it is nothing 
more than the second. 
The fourth equation 

6 sin «^ — p cos «^ = 0, 




gives. 



tang-Zs^, 
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and since this value of tang «/ is the same as that found in. 
Prop. II, for the tangent of the angle which the tangent line 
makes with the . axis of X^ we conclude, that the new axis 
Y^ is tangent to the pa]»i!)ola at tha new origin A^. 

Scholium 1 ^ Let us now resume th6> equation,, 

^ sinV""' 
and to simpUfy the form of it,^ put 



sin'*' 
we shall then have, by omitting the accents of the rariables, 

for ^ equation of the parabola referred to the new axes. 

In this equation, every value of x will give two equal 
values of y with contrary signs : hence, the curve is sym- 
metrical with respect to the axis A^X ; or^ this axis bisects 
all chords of the parabola which are parallel to the tangent 
AT'. 

The term diameter^ designates any straight line which 
bisects a system of chords drawn parallel to each other and 
terminating iir && curve ; and the., curve is said to. be sym- 
metrical with respect to the diameter, whether the chords are 
libBqqie or perpendicular to it. In thi& sense, therefore, every 
line drawn parallel to the axis AJT, is a diameter of the 
parabola : hence, all diameters of the parabola are parallel 
to each others a property which shows that the centre of the 
curve is at an infinite distance from the vertex. 

- SchoUumi 2. In the equatioa 



^ »'nV 



sm'i 
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or in the reduced equation 

^^, or it. equal 2j/, 
18 called the parameter of the new diameter A^JT. 

PROPOSITION Vn. THEOREM. 

The parameter of any diameter ts equal to Jimr times tie 
distance from the vertex of that diameter to the directrix, 
or four times the distance from the vertex to the focus. 

yt 

We have, from the last scholium, 



sm 



Sr=2i''' 



But the equation which determined 
the direction of the new axis Y'j is 



But 



tang«'=^. 
sin* tif-- 




tang* 



hence, 



sm 



i«i/ 



1 + tang**" 



6*+J>* "" 2a +p' 
Substituting this ralue of sin'^^ in the first equation, we find 
2pf=4a + 2j), 

or 2/=4|a + ^j. 

But I a + ^ j is equal to A'C, or equal to the distance A'F 

from the vertex A' to the focus : hence, the parameter of the 
diameter is four times that distance. 
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PROPOSITION VIII. PROBLEM. 

To find the eqiuition of a tangent line to the parabola^ when 
referred to oblique axes. 

Designate tKe co-ordinates of the 
point of tangency by a/', j/^. 

The equation of a line passing 
through this point, will be of the fonn 

Combining this with the equations 
y8 = 2p^x, 




and we find 



«=^- 



Substituting and reducing, we obtain 
yi/'=p'(x + a/% 

which is the equation of the tangent. 

Scholium. If, in the equation of the tangent 

we make y = 0, we shall hare 

or a? = — a/', 

which shows, that the sub-tangent is bisected at the vertex ; 
and this property may be used in drawing a tangent line to 
the curye, when it is referred to oblique co-ordinates. 

14 
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Of the Polar Equation of the Parabola and the 
Measure of its Surface. 




PROPOSITION IX. FBOBLEBf* 

To find the general polar equation of the parcibola. 

Let P be the pole, and through it 
draw PX! parallel to the axis AX. 
Then, designating the co-ordinates of 
the pole by a and hy and estimating 
the angles v from the line PX^ we 
have, for passing from rectangular to 
polar co*ordinates, the following for* 
mulas(Bk.II,Prop.XV): 

dr = a + r €08 t;» y^h + rmitv. 

Substituting these values of x and y, m the equation 

y« = «pr, 
and reducing, we obtain 

r* sinH; + %(h sin v --p cos v)r + 6* — 2pa = 0, 
which is the general polar equation of the parabola. 

Scholium. 1. Let us now suppose 
the pole to be placed on th^ cnrve« 
Its co-ordinates will then satisfy the 
equation of the curve, and give 

T^e polar equation will then re« 
duce to. 
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f* sin't; + 2(6 sin t; — 1> cos i;)r= 0^ 

or by diyiding by that Talue of r which is 0, we have, 

r sin'i; + 2(6 sin v — p cos v) = 0. 

If now, we make the second value of r equal to 0, the 
radius-vector will become tangent to the curve, and the 
equation will give 

tangt; = ^; 

the same value for the tangent of the angle formed by die 
tangent and axis, as was found in Prop. II. 

Scholium 2. Let the pole be now 
placed at the focus of the parabola, 
the co-ordinates of which are 

« = -£- and 6=^. 
2 

Under this supposition ^he general 
polar equation becomes 

f* sin^v — 2p cos v.r=:pK 

Finding the values of r from this equation, we obtain 

^^>(co8i; + l) ^ ^ ^p(cosi>-l) 




sm'v 



The second value of r is negative for a]i values of v. For, 
cos t; is less than 1, and flie denominator is positive, being a 
square : hence, this value is to be rejected. 

The first value, on the contrary, is positive for all valuefl of 
c, since the numerator and denominator are both positive. 
By substituting for ain^v, 1 — cos't;, this value may be 
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put under the form 

^_ j>(co8t; + l) 

(1 + cos t;)(l — cos vY 

.- P 



or. 



1 —cost; 



In this equation, as well as in the corresponding equation 
of the ellipse which is expressed under a similar form 
(Bk. IV, Prop. XII, Sch. 4), the values of r begin at the 
remote yertez, that is, in the case of the parabola, at an 
infinite distance from the focus. 

If we make t; =: : we have 

If we make v = 90<^, we have 

that is, half the parameter. 
If we make t; = 180^, we have 

2 

Scholium 3. If it be desirable that the values of r should 
begin at the nearest vertex, make v = 180<^ — i/, and we 
shall have 

cos t; = •- cos t/. 

Substituting, —cost/ for cost;, the equation becomes. 



1+cost/' 



in which equation the values of r begin at the nearest vertex, 
and increase from the left to the right, 360^, 
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af 


[l 


p, p 



TlkB area of any portion of a parabola is equal to two^thirds 
of the rectangle described im its abscissa and ordinate. 

Let AMP be any segment of ti ^ 

parabola* Draw the ordinate MP, 
and draw MQ parallel to J.P, then 
will the cuJCFilinear area AMP be 
two-thirds of the rectangle AQMP* 

Inscribe in the parabola any recti* 
linear polygon AM^^M^ . ... My and 
through the vertices M^\ My . . . . M^ 
draw lines perpendicular and parallel to 
APy forming the interior rectongles iVP, M'P' . . . . , and 

the corresponding exterior rectangles MQ, M^Q 

Designate the former by P^ P' P' ... the latter by p, //, 
pi' ...\ and the corresponding co-ordinates by a/, y', «", \if\ 
fi,c. : we shall then have, 

which gives, 

P _ y"{x'-af') 

But, since the points, Af, M, M', ... are on die curve, 

^* = Zpaf^ f* = 2|Kr", 

which gives, 

a/-af' = ^*~^'*^ and a/' = -^. 
Substituting these vidues, and we obtain 

Applying similar reasoning to each of the rectanglesi we 
•hall haye, 
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The ioictibed polygon being entirely arbitrary, we can 
place the Tertices of the angles in such a manner that the 
ordinates passing through them shall be in geometrical pro- 
gression. We shall then haye, 

or, /-/' If/':: f^f' : f 
(Geom. Bk. II, Prop. VI); 

hence. ^ V -^y ^ . 

Therefore, the difference between two succetssiye ordinates 
divided by the less, is constant. If we designate this ratio 
by y, we shall have 

/ -}f' =?/' or %/ +i/' ^f (2 + ?), 

Substituting these values, the ratios of the rectangles 

p 
become, = 2 + y, 

P" 

pin 
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But the sum of all the consequents divided by the sum of 
fixe antecedents will give the same ratio as either consequent 
divided by its antecedent (Geom. Bk. II, Prop. X) : hence, 

p + pf + prr + pfff &c. 

p+p/+y/+y// &c.*^^"^^- 

In this expression the numerator is equal ta the sum of the 
interior rectangles, and the denominator to the mim <^ tfae 
exterior ones. 

Since q is the ratio of the difference between two succes-. 
sive ordinates divided by the less, if g be diminished, the 
sum of the interior rectangles will approach to the curvilinear 
area AMPy and the sum of the exterior rectangles to 
the area AQM. If then, we pass to the limit by making 
y = 0, the numerator will become the curvilinear area AMP, 
and the denominator, the area AQM. Designating the 
former by S, and the latter by s, we have, 



s 
which gives, = 3 : 

2 

hence, S = — {S + s). 

o 

But jS + 5 is equal to the area of the rectangle APMQ, 
therefore the area of the parabola is two-thirds of that area. 

Corollary. The exterior portion AQM is one third the 
aiea of the rectangle* 
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Of the Hyperbola. 

An hyperbola is a curve in which the difference of two 
straight lines, drawn from apy one of its points to two fixed 
points, is constantly equ^ to a given line. 
" Thus, if F and F be the two ~ 
fixed points, AB the given line, 
and FP'-FP constantly equal 
to AjB, for every position of the 
point P, PBH will be a portion 
of the hyperbola. 

If FP is greater than FP, let 
it be represented by FF ; and then, if FF^ FF is con- 
stantly equal to the given line ABy the point F will describe 
the remaining portion of the hyperbola FAH'. 

The two curves, FAHy HBPy are called branches of 
the hyperbola. 

The fixed points F and F, are called the foci of the 
hyperbola. Hence, each branch has two foci, one lying 
within the curve, and one without it. 

The definition of an hyperbola affords an easy method 
of describing it mechanically. 

Take a ruler, longer than the 
distance FF^ and fasten one of 
its extremities at the focus F. 
At the other extremity /f, attach 
a thread, of such a length, that the 
length of the ruler shall exceed 
the length of the thread by the 
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given line AS. Attach the other extremity of the thread to 
the focus F. 

Place a pencil against the thread, and press it against the 
ruler, keeping the thread constantly stretched while the ruler 
is turned around jP as a centre. The point of the pencil 
will describe a branch of an hyperbola. 

For, PF+PH is equal to the length of the thread, to 
which if we add AJ5, we shall hare the length of the ruler. 
Hence, 

PP + PH=FP+PH+AB, 



or 



rP-^FP = AB; 



therefore, P is a point of the hyperbola. 

If one extremity of the ruler be attached to the focus F, 
the branch P^AIT may be described. 



PROPOSITION L PROBLEM 



To find the eqiiation of an hyperbola. 

Let F and F^ be the foci, and 
denote the distance between them 
by 2 c. Let P be any point of 
the curve, and designate the dis- 
tance FP by r, and FP by r^; 
and let 2 A represent the given 
line, to which the difference 
PP—PF is to be equal. 

Through C, the middle point of JPF, draw CD perpen- 
dicular to jPJP, and let C be the origin of a system of rect- 
angular co-ordinates, of which AJ?, DU are the axes. Let 
X and y represent the co-ordinates of the point P. 

The square of the distance between any two points of 
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which the co-oidinatea are ^ y, ^ 
and a/, /, is (Bk, II, Prop. m\ 

If this line passes through the 
point F, of which the co-ordinates 
are y=0, a/=c, we shall have 

' and if we pass the line through the point i^, of which the 
co-ordinates are ]/= and a/= — c, we shall have 

FP*=f^« = y« + (a? + c)». 

If we add and subtract these two equations, we obtain 

r« + f^« = 2(y«+a* + c»), and f^-r« = 4car. 

But we have, from the property of the hyperbola, 

r'-r = 2A. 

Combining this with the last equation, we obtain 

r = A + '-r~f and r=— ^ + — 7-. 
A A 

Squaring these values and substituting in the equation, of 
which the first member is r* + »^^ and there will result, 

A« + ^ = y« + ^ + c«, 



or 



A«(y« + a^) - (^a^ = A«(A«— c*), * 



which is the equation of the hyperbola referred to the axes 
CB, CD. If we suppose r > /, we shall obtain an equation 
of the sanae form for the branch 'PAH. 

The equation of the hyperbola takes the most convenient 
form when it is expressed in terms of the co-ordinates of its 
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points, and the distances wkich the cunre cuts off from the 
co-ordinate axes. 

To place the equatioa under this form, let us make d? = 0, 
this will give 

,« = il«-C«, 



or 



= =hVA«-c«; 



and since e is greater than A the quantity under the radical 
is essentially negative, and therefore, the value of y is iroa<*^ 
ginary. 

This result shows that conditions have been introduced 
into the equation of the curve, which are incompatibfe with 
each other (Alg. Art. 147). The incompatible condition is, 
that which attributes to x the value 0; for this condition 
requires that the curve should have one or more of its points 
on the axis of Y, while die law by which the curve was 
described, did not permit it to fulfil that condition. 

The imaginary value of y, for a? =: 0, is, however, a coift- 
stant quantity, and may be introduced into the equation of 
the curve. 

Let us make 

y=:± V4«-c«=±B-/=^ = CD or Ciy, 
we shall thea have 

A«-c» = -B*, and c« = A« + jB«. 

Substituting these values of c* in the equation of the curve, 
and reducing, we obtain 

in which, if we make y = 0, we shall have 
a?=,±A = C5 or CA. 
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Scholium 1. The point C which is equidistant from JP 
and F^j is called the centre of the hyperbola. 

Every straight line passing through the centre and termi- 
nating in the curve,. is called a diameter. 

The diameter ABy which passes through the foci, is called 
the transverse axis: and since 2CA, or AB is equal to 
2i4, it follows, that the difference of the two lines drawn 
from any point of the curve to the two foci is equal to the 
transverse axis. 

The line jDIX, which is perpendicular to the transverse 
axis at the middle point, and equal to 2B, is called the 
conjugate axis. 

In the equation of the hyperbola. 

Ay - J?«a?*=-i4*B«, 

A and B represent the semi-axes, and x and y the general 
co-ordinates of the curve. It is called, the equation of the 
hyperbola referred to its centre and axes. 

In comparing this equation with the equation of the 
ellipse, it is seen that the two are similar in every respect, 
excepting in the sign of J?*, which is minus in the hyperbola 
and plus in the ellipse. We may, therefore, pass from one 

equation to the other, by simply substituting for B, jB-/— 1. 
Scholium 2. If in the equation of the hyperbola, 

we change y into a?, and x into y, it becomes, 

AV-5«y* = -i4*5«, 

or, By — AV= A*jB*. 

If in this equation we suppose a? = 0, the corresponding 
value of y will be real, and if we make y = 0, the corres- 
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ponding value of x will be imaginary. The^transyerse axis 
of the curve will then coincide with the axis of F, but its 
value will be the same as before, viz. 2 A, 

If on the conjugate axis Diy an 
hyperbola be described, conespond- 
ing to the equation 

it is said to be conjugate to the hyper- 
bola described on the transverse axis 
AB, The transverse axis of one 
hyperbola is the conjugate axis of the other, and reciprocally. 
Scholium 3. If through the centre of the hyperbola any 
line be drawn, its equation will be 
of the form 

yz=:ax. 

If we combine this el^uation with 
the equation of the hyperbola 
Ay^B^a^^-^A^B', 
we shall obtain the co-ordinates of 

the points H and /T, in which the diameter intersects the 
hyperbola. 

If we designate the co-ordinates of H by a/, t/y and the 
co-ordinates, of ff by a/', j/\ we shall find, after eliminating 




But since the co-ordinates of IP are the same as those 

of H^ excepting that the signs are both negative, it follows 

that CH=z CHy that is, every diameter of an hyperbola is 

bisected at the centre. 

15 
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SchoHum 4. If JB be made equal to A the equation 
of the hyperbola will become, 

y««a^ = -A«; 

the hyperbola is then said to be equilateral^ which corre»- 
ponds to the case in which the ellipse becomes a circle. 

Scholium 5. By a course of reasoning similar to that 
pursued in Bk. IV, Prop, I, Sch. 5, we find the following 
analytical conditions for determining the position of a point 
with respect to the hyperbola. 

Without the hyperbola Ay - B^a^+ A«jB« > 0, 

on the hyperbola Ay - B^a^ + A*B^ = 0, 

within the hyperbola Ay — J?*a^+ A*jB*< 0. 

Scholium 6. If we place the equation of the hyperbola 
under the £orm 



y=±— VV--A% 

we see, that every value of a?, either plus or minus, which is 
less than A, will render y imaginary. 

If we make a? = ± A, y will become equal to 0, which 
shows that the curve cuts the axis of X at two points, one 
on the positive and the other on the negative side of abscissas, 
and each at a distance from the centre equal to A. 

Every value of j?, either plus or minus, which is greater 
than A, will give two equal values of y with contrary signs; 
hence, the curve extends itself indefinitely in the direction of 
X positive and x negative, and is symmetrical with respect 
to the transverse axis. 
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Scholium 7. If we transfer the 
origin of co-ordinates from the 
centre C to il, one extremity of 
the transverse axis, the equations 
of transformation (Bk. II, Prop. 
X) will reduce to 



Substituting these values in the equation of the hyperbola, 
it reduces to 

Ay« - Jff'a/* + 2B*Aa/= ; 





which may be put under the form 

A 



y«=4!(^*-2A^X 



which is the equation of the hyperbola referred to the vertex 
A as an origin of co-ordinates. 

If we refer it to the vertex B, as an origin, the equation 
will become 

Scholium 8. The property, that the difference of the two 
lines drawn from any point of the curve to the foci, is equal 
to the transverse axis, affords an easy method of describing 
the hyperbola by points, when the transverse axis and the 
foci are knovm. 

Let AB be the transverse axis 
of an hyperbola, and F and F 
the foci. 

From the focus F lay off a 
distance FN equal to the trans- 
verse axis, and take any other dis- 
tance, aa P Hf greater than PB. 
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With P as B, centre, and PH 
as a radiusy describe the arc of a 
circle. Then, with J* as a centre, 
and HN as a radius, describe an 
arc intersecting the arc before de- 
scribed at p and ;, and they will 
be points of the hyperbola. 

If with F as a centre, and PH as a radius, an arc be 
described, and a second arc be described with 2^ as a centre 
and HN as a radius, two points in the other branch of the 
curve will be determined. 

Scholium 9. The property, that the square of the distance 
from the centre to either focus is equal to the sum of the 
squares of the semi^^axes, affords an easy construction for the 
foci when the axes are known. 

For, from the vertex 5, draw 
BH perpendicular to AB, and 
make it equal to the semi-conju- 
gate axis. Join H and the centre 
C. Then, with C as a centre and 
CH as a radius, describe a semi- 
circumference, intersecting AS 
produced in F and P, and these points will be the foci. 

PROPOSITION n. THEOREM. 

7%6 squares of the ordinates are to each other^ as the 
rectangles of the segments from the foot of each ordinate 
respectively^ to the vertices of the transverse axis. 

The equation of the hyperbola HBP referred to the 
vertex B (Prop. I, Sch. 7\ is, 
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If we designate a particular 
ordinate by y^ and its abscissa 
by a/y and a second ordinate by 
y and its abscissa by a/', we 
8faa]l have, 

y'« = -^(2i4a/ + a/«), and y''* = ^{2Aa/' + a/'*). 
DiTiding one equation by the other, we obtain^ 

l/» : f^ :: {2A + M/)a/ : i2A+a/')a/', 
in which it is evident that the segments, are 

2A + a/f a/, and 2A+ oi', a/'. 



PROPORTION m. THEOREM. 

If through the vertices of the transverse axis two supple- 
mentary chords he drawriy the product of the tangents of the 
angles which they form 'with it^ on the same side, will be equal 
to the square of the ratio of the semi-axes. 

The equation of the chords will 
be of the f orm, 

y^a!{x + A\ 

y^aix-^Ay 

Combining them, we obtain. 

Combining this with the equation of the hyperbola 

15* 
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and we find 

Scholium 1. In the equation 

aa' = ^, 

there are two undetermined quantities a and of : hence, an 
infinite number of supplementary chords may be drawn 
through the extremities of the diameter AB. 

If, however, a value be assigned to a or of y that is, if one 
of the supplementary chords be given in position, the equation 
of condition will deteimine the direction of the other, and 
therefore, the corresponding supplementary chord will also 
be known. 

Scholium 2. If die chords are drawn to a point P in the 
branch HBP, the tangents a and of will be both positive ; 
if drawn to a point in the other branch, they will both be 
negative. 

Scholium 3. If the hyperbola is equilateral, A^By and 
' tbere vnUX result* 

which shows, that the sum of the two acute angles formed by 
the supplementary chords with the transverse aads, on the 
same side, is equal to 90^. 

PROPOSITION IV. PROBLEM. 

To find the equation of a straight lin^ which sJudl be tangent 
tq a^ hyjpj^bola, 
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The equation of the hyperbola is 

Take any point of the curve, 
as P, and designate its co- 
ordinates by a/', y^', and as- 
sume also a second point of 
the curve; and represent its 
co-ordinates by a/, y^. 

The equation of a straight line passing through these two 
point3 (Bk. II, Prop. VII), is 




y-y'=^F^<^-^o. 



But since the two assumed p(»nts belong to the hyperbola, 
we have the equations 

Ay» - B»a/» = - A*i3*. 
By subtracting the second equation from the first, we obtain 
A* (y"» -t/*)-B* (a/'» - a/») = 0, 
or AV'+y)(y"-y')-B«<*"+^)(«'^-«') = 0; 

whence. 






Substituting this value in the equation of the secant line. 
It becomes 

If we now suppose the co-ordinates of the two points to 
become equal, the points will unite, and the secant line will 
become tangent to the curve. Thi9 suppomtion will reduco 
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die equation to 



y-y"-^^'-^')' 



o = 



B^a/' 



AV' 



or A^yi/'-^B^xa/'^—A^B^, 

which is the equation of a tangent line to the hyperbola 

Scholium 1. This method of determining the equation 
of a tangenty may be employed in finding- the equation of a 
tangent to the circle, the ellipse, or the parabola. 

Scholium 2. If in the 
equation of the tangent 

we make y = Oj we shall 
hare. 

Subtracting this firom CR = d/^ and we obtain, 




TR = 



a/' 



which is the value of the subtangent 

PROPOSITION v. PROBLEBl 
To find the equation of a normal line to the hyperbola. 

Since the normal passes 
through the point of tangency 
its equation will be of the 
form, 

and since it is perpendicular 
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to the tangent, we shall have, 

00/+ 1=0. 

But we have alieady found, 

B* of' 

hence, a'=--g5-^. 

Substituting this value, and the equation of the nonnal will 
become. 

Scholium. To find the point in which the nonnal inter* 
sects the axis of X make y = 0, and we have, 

A' 
and by su1>tracting a^', we find the subnorjnal 



RN^ 



A« 



PROPOSITION VI. THEOREM. 

If one of the supplementary chords of an hyperbola is 
parallel to a tangent line to the curve, the other will be par* 
aUel to the diameter which parses through the point of conr 
tact: and conversely, 

If one of the chords be parallel to the dtam^er which pas^^ 
through the point of contact, the other will be parallel to the 
tangent line 

The equation of a line passing through the centre of the 
hyperbola, is of the foim 
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The condition of its passing 
through the point of contact, will 
give 



whence. 



-^- 




But we have found for the tangent of the angle, which the 
tangent line mi^es with the transverse axis, 



a=s 



B'aJ' 



Ay- 
Multiplying the members of these equations together, we 
obtain, 



By comparing this equation with the equation in Prop. Ill, 
we see, that the product of the tangents of the angles which 
the diameter and tangent make with the transverse axis, is 
equal to the product of the tangents of the angles which the 
supplementary chords form with the axis. Hence, if in these 
equations we make 



we shall have. 



d^d; 



that is, if one of the chords is parallel to the tangent, the 
other will be parallel to the diameter passing through the 
point of contact. Or, if we make 



we shall have, 



<i = a; 



that is, if one of the chords be made parallel to the diameter, 
the other vnll be parallel to the tangent. 
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Scholium. These properties aflford an easy method of 
drawing a tangent line to an hyperbola at a given point of 
the curve. 

Let C be the centre of the 
hyperbola, AB its transverse axis^ 
and P the given point of the curve 
at which the tangent is to be drawn. 

Through P draw the semi-di- 
ameter PCy and through A draw 
the supplementary chord AH par- 
allel to it. Then draw the other supplementary chord BH^ 
and through P, draw PT parallel to BH; then will PT 
be the tangent required. 

In a similar manner, a line might be drawn tangent to the 
curve, and parallel to a given line. 




PROPOSITION Vn. THEOREM. 

If a line he drawn tangent to an hyperbola at any pointy and 
two lines be drawn from the same point to thefociy the lines 
drawn to the foci will make equal angles with the tangent. 

Let C be the centre of 
the hyperbola, PT the tan- 
gent line, and PP, PP, 
the two lines drawn to the 
foci. 

Denote the distance 

CP=VA« + J3« by c, 

CP by — c, the angle FPT by v, and the tangents of the 
angles PFX, PTX, by of and a. We shall then have 

^8" = T+75- 
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But the equation of FP 
passing through two points, 
of which the co-ordinates 
are a/=c, ^^=0, and 




hence, 
We also have 



^-i^- 



o = 



B^a/' 



Ay 



Substituting these values, and recollecting that, 

A*y"*-B*a/'^-A*B*, 
B* 



we find 



tangw = - 



cy" 



If we designate the angle F^PT by t/, and the tangent 
of PF^C by of, we shall have 

/ a — a' 



which reduces to 






therefore, the tangent line bisects the angle PPF. 

Corollary. The normal lines PJV, bisects the outward 
angle FPJT, formed by the two lines drawn to the fod, 

Scholium 1. The relation between the angles formed by 
the tai^e^t line, and the lines drawn to the foci, enables us 
to draw a tangent to the curve at a given point. 
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Let P be the given point. From P draw PF, PP U> the 
foci. Lay off on PF, PG = PP, and draw FG. From 
P, draw PT perpendicular to FG, and it will be tangent 
to the hjrperbola at P, since it bisects the angle FPF. 

Scholium 2. The same properties also enable us to draw 

a tangent to the hyperbola through a given point without the 

^ curve. 

Let jH" be the ^ven point. 
With this point as a centre, 
mid HF as a radius, de- 
scribe the arc of a circle. 
With P' as a centre, and a 
radius equal to the transverse 
axis, describe the arc of a 
circle intersecting the for- 
mer at G and &. Draw FG, cutting the curve in P. 
Through P draw HPT, and it will be tangent to the hyper- 
bola at P. 

For, if we draw HF, HG, we shall have HF- HG by 
construction ; and since P is a point of the hyperbola, and 
PG equal to the transverse axis,, we shall have PF=PG: 
hence, PT is perpendicular to FG ; and since the triangle 
FGP is isosceles, PT will bisect the angle FPFj and wiH 
therefore be tangent to the hyperbola, 

Scholium 3, The two arcs described with the centret 
P and H, intersect each other in two points, G aad & ; 
a line may, therefore, be drawn through P, and either of 
these points, thus giving two points of tangency. 

It may also be shown analytically, that two tangent lines 

can be drawn to the hyperbola from a given point without 

the curve. 

Totf if tbe tangent pass through a given point, ef which 
16 
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the co-ordinates are a/, y, its equation will become. 

and the equation of the hyperbola for the point of tangency 
becomes, 

Li these two equations all the quantities are known, ezcepft 
^'i }/'y which may therefore be found ; and since the equa- 
tion of the tangent is of the first degree, with respect to oi' 
and }/\ the equation which results firom their combination 
will be of the second degree, and will therefore give two 
values for a/' and two values for y^^ which ralues will be 
real if the given point lies without the curve. 

Ofth/e Jlyperhola referred to its Conjugate Diameters. 

1. Two diameters of an hyperbola are said to be conjugate 
to each other, when either of them is parallel to the two tan- 
gent lines which may be drawn through the vertices of the 
other. 

2. Since two supplementary chords may always be drawn 
respectively parallel to a diameter and the tangent lines 
through its vertices, it follows, that two supplementary chords 
may always be drawn, respectively parallel to two conju- 
gate diameters. 

If, therefore, we designate the tangents of the angles which 
two conjugate diameters make with the transverse axis, by 
a and o^, these tangents must satisfy the equation 

A* 
Let us designate the corresponding angles by » and nf' 

» 
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We shall then have 



sm « 



/ — 



sin «' 



cos « cos v 

Substituting these values in the last equation, and reducing, 
we obtain 

A? sin « sin »'— 5* cos « cqs «'= 0, 

which expresses the relation between the angles which two 
conjugate diameters form with the transverse axis. 

3. It may be easily shown here, as in the eUipse, that the 
axes of the curve are conjugate diameters ; and also, that they 
are the only conjugate diameters which are at right angles to 
each other 

PROPOSITION VIIL PROBLEM. 

To find the equation of the hyperbola referred to its centre 
and conjugate diameters. 

The equation of the hyperbola referred its centre and axes, i$ 

The formulas for passing from rectangular to oblique co- 
ordinates, the origin remaining the same, are 

a: = a/ cos « + y' cos «', y = a/ sin « + y' sin «/. 

Squaring these values of x and y, and substituting in the 
equation of the hyperbola, we have. 

(A« 8inV-5«cosV)y«+(A« sin*«-5« cos««)a/« )_.,», 
+ 2(A«sin«sin«^— 5*cos«cos«')a/y' J ~ ^^' 

But the condition that the new axes shall be conjugate 
diameters, gives 

A* sin « sin «' -- -B* cos « cos «'= ; 
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hence^ the equation reduces to 

(A« ainV- B^ co»V)y^«+ (A'sin*- -B»co8«-i)a/«= - A«5*. 

If we suppose in succession, y'= 0, 0/= 0, and represent 
by A^ and B' the corresponding abscissa and ordinate, we find 



■ A» sin'* - JB" cos"* ' il« sin V - jB« cos V ' 

If we suppose the semi-diameter A' to be real, we shall 
hare 

A* sin** < jB* cosX or tang « < -j. 

But, tang • tang tif=- -j^ ; hence» 

tang «'> -J, or A* sinV> jB* cosV ; 

hence, JB'* will be negative. 

The supposition, therefore, which renders A'* positive, or 
A' real, gives B'* negative, or B^ imaginary. Attributing 
10 W^ its proper sign, we have 



■ A^ sin«« - J5« cos"« A» sin V - jB« cos V ' 

Finding the values of the denominators in these equations, 
and substituting these values in the general equation, and 
reducing, we obtain 

A>'*-B^V«=-A'*5^ 

or, omitting the accents of a/ and y^, since they are general 
variables, we obtain ^ 

AV-J?'V=-.A'«^*, 

for the equation of the -hyperbola, referred to its centre and 
conjugate diameters. 
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We have already seen 
(Prop. I), that when the trans- 
verse axis AB is real, the con- 
jugate axis Diy will be ima- 
ginary, and reciprocally: that 
is, the two axes will not in- 
tersect the same hyperbola. 
The last proposition proves 
the same property for any two conjugate diameters. 

If then, 2 A' designates the diameter IfHy 2B^ will de- 
signate the diameter &G terminating in the conjugate hyper- 
bola ; and each will be parallel to the two tangent lines drawn 
through the vertices of the other. 

If B^ were made real, A' would be imaginary, and the 
equation would represent the curves FJOG, F^U&. 

Scholium 1. The equation of the hyperbola, referred to 
its centre and conjugate diameters, being of the same form 
as when referred to its centre and axes, it follows that every 
value of X will give two values of y with contrary signs ; 
or if B' were real, every value of y would give two equal 
values of x with contrary signs : hence, each hyperbola is 
S3rmmetrical with respect to the diameter which it intersects : 
that is, either diameter will bisect all chords drawn parallel 
to the other and terminated by the curve. 

Scholium 2. If the curve of an hyperbola be traced on a 
plane the centre and axes are found in a manner entirely 
similar to that pursued in (Bk. IV, Prop. IX, Sch. 2). 

Scholium 3. It may also be readily shown that the 
squares of the ordinates to either diameter, are proportional to 
the rectangles of the corresponding segments from the foot of 
the ordinates respectively, to the vertices of the diameter. 

Scholium 4. The parameter of any diameter is a third 

16* 
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proportional to the diameter and its conjugate. Thus, if P 
designate the parameter of the diunetei ZA'^ we shall hare, . 





2A' : 


2B' 
P = 


:: ZB' : 

2B'* 

'■ A> ' 


P, 


or, 






Sfchotium 5. The 


parameter of Ae 




nm 


is 


equal to 






ZB* 
A * 










and of the 


conjugate i 


udsto 


ZA* 
B ' 











It may be easily shown that the chord drawn through the 
focus and perpendicular to the transyerse axis^ is equal to the 
parameter of that axis* 

Scholium 6. If through the extremities of any diameter 
two supplementary chords be drawn, they will enjoy analogous 
properties to those drawn through the vertices of the trans- 
Terse axis. 

Let AB be any diameter 
and designate it by 2A\ Let 
die axis of X coincide with 
this diameter, and the axis of 
Y with the conjugate diame- 
ter Diy. Designate the an- 
gle DCB by /»• Then, if 
tfaimigh jB wluMe co-ordinates 
are y' « 0^ and a/ is it', a 
right line be drawiv making witb AB an angle equal to m^ 
its equation will be of the form. 




jf = «(«?— 4) 



« = • 



3in 



«nO— •)* 
If tlurgugb A whose oa-ordinaJiea are y^=0, aif^^A^^ 
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a .second right lioe be drawn, making with AB an angle < 
we shall have, 

Combjiiing these equations with each other and with the 
equation of the fajrperbola, we obtain 

A'«aa'^B'« = 0, or, Wrz^Ts- 

A'" 

for the equation of condition when the lines are si^ple- 
mentary chords. 

Scholium 7. If it be required to draw a tangent line to the 
curre at any point of which the co-ordinates are ^\ y", we 
must combine the three equations (Prop. lY), 

AV -jB''^ =-A'«J5'«, 
A'Y^ - -B^V^»= - A'^B'\ 

which will give for the equation of the tangent, 

' Schotium 8. If through the centre of the hyperbola and 
the point of contact a diameter be drawn, its equation will be 

or, 0' = -,. 

Hence, a</=z-p^. 
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Comparing this with the equation of condition of supple- 
mentary chords, we see, that two supplementary chords may 
always be drawn respectively parallel to a diameter and a 
tangent line through its vertex. 

Scholium 9. If we resume the equation of the hyperbola 
referred to its centre and conjugate diameters, which is 

and then refer it to its centre and axes, and compare the 
coefficients with those of the known equation, 

we shall obtain after adding two of the equations as in (Bk. 

IV, Prop. IX), 

A'5'smK--) = A5. (1) 

A'«-jB'« =:A«-B*. (2); 

or, these equations may be obtained directly from the cor- 
responding equations of the ellipse by substituting for 

B, BV^^ and for J5^ ^-/^nT 

Scholium 10. The first of these equations shows, that 
the parallelogram formed by drawing tangent lines through 
the vertices of conjugate diameters^ is equivalent to the red- 
angle formed by drawing tangent lines through the vertices 
of the axes. 

Having formed the paral- 
lelogram and rectangle, draw 
from G a perpendicular to 
CH; this perpendicular will 
be equal to B^ sin («' — «). 
Hence, the area of the paral- 
lelogram CGPH is equal 
to A'B'Bin{mf^^)=zAB: 
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iherefcMre ike whole parallelogram is equiyalent to the whole 
rectangle. 

Scholium 11. The second equation, 

^/3_ j5/«^ ^a_ B«, 

or, 4A'« - 4J5^» = 4A« - 4J5«, 

expresses that, the difference of the squares of two conjugate 
diameters is equal to the difference of the squares of the axes. 
Hence, there can be no equal conjugate diameters unleM 
A = By in which case the hyperbola is equilateral, and then, 
every diameter will be equal to its conjugate. 

Of the Hyperbola referred to its Asymptotes. 



If the diagonals of the rectangle described on the axes of 
the hyperbola be indefinitely produced in both directions, the 
lines so drawn are called asymptotes of the hyperbola. 

Thus, HH, G^G, are 
asymptotes of the hyper- 
bola whose transverse axis 
is ABy and also of the conju- 
gate hyperbola whose trans- 
verse axis is Diy. 

If we designate the angle 
estimated from CB around 

to C& by «, or do what is H'^ q' 

equivalent to it, designate the angle BCGf^ by — «, and also 
represent the angle BCH by «/, we shaU have, 




tang«=--^, 

or tang««= -^, 

or A* sin*« — JB* co8*« s 0, 



tang«^ = — , 
A*»ittV-*£»cQsV=0, 
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which are the two equations expressing the relations between 
the angles which the asymptotes form with the transverse axis. 
These equations may be placed under the forms, 

sm • = - ==■, sm <r=: , , 

±A J dLA 

COS «=—===, C0S<r =— ^ .. , , 

by substituting for cos*, 1 — sin*, and for sin*, 1 — cos*. 

If A =r jS, the hyperbola is equilateral, and we shall then 
have, 

sin « = — cos «, and sin «^ = cos«^, 

which indicates that the asymptotes lie on different sides of 
the transverse axis, and make angles of 45^ with it. Hence, 
In the equilateral hyperbola the asymptotes are at right 
angles to each other, 

PROPOSITION IX. PROBLEM. 

To find the equation of the hyperbola referred to its centre 
and asymptotes. 

The equation of the hyperbola referred to its centre and 
axes is, 

A*y*-5*a?*=-.A*5*. 

The formulas for passing from rectangular to oblique co« 
ordinates, the origin remaining the same, are 

ar =: a/ cos • + y^ cos «', y = a/ sin « + y' sin •'. 

Substituting these values and reducing, we obtain 

(A*gin*«'«jB*cos*«')y*+(A*sin*«-jB*co8«y« > _ .,«, 
+ 2(il* sin* sin •'-5*008- cos -O^y' J--ax> . 
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The equations of condition reduce the coefficients of 
a/», and yf^ to 0, and that of af\/ to 



A«+jB» 



hence, the equation of the hyperbola referred to its asymptotes 
becomes 

or by putting Af for — j — y and omitting the accents 

Scholium 1. The curve of the hyperbola continually ap- 
proaches the asymptotes, and becomes tangent to them at an 
infinite distance from the centre. 

For, the equation of the hyperbola referred to its asymp- 
totes gives 

M 

Now, since M is constant, if x increases continually y 
will diminish, and if x becomes infinite, y will become : 
hence, the hyperbola continually approaches the asymptote, 
and as y cannot become negative so long as x is positive, it 
follows that the curve will touch the asymptote when y is 0. 
The same might be shown with respect to the axis of ^ Y, 

Scholium 2. It may also be easily shown, that the asymp- 
totes are the limits of all straight hues drawn tangent to the 
hyperbola. 

The equation of the tangent, referred to the axes, is 
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If we make y = 0, we find 



x = - 



•/ ' 



which is the distance from the centre to the point in which 
the tangent intersects the transverse axis. 

If now, a/^ be made infinite, x will be equal to 0, that is, 
the tangent line will pass through the centre, and since both 
the tangent and asymptote touch the curve at a point infi- 
nitely distant from the centre, they will coincide. 

If lines be drawn through 
the vertices of the axes, they 
will form the rhombus AIVBD. 
The diagonaltCP, CQ, of the 
rectangles described on the 
semi-axes, are equal to each 
other, and each is equal to 
VA* + -B*. But these diago- 
nals are also equal to BD, BU, and each pair of the 
equal diagonals mutually bisect each other at H and N. 

and 




Hence, CH= — VA* + B\ 






therefore. 



CHx CAr=^i^±^ = 



xy. 



If we designate the angle included between the asymptotes 

by jS, we shall have 

f 

CH X CN sin /9 = «y sin ^ ; 

the first member of the equation is equal to the rhombus 
CHBNy and the second, to any parallelogram, as CQMK^ 
the sides of which are x and y ; that is, 

The rhombus described on the abscissa and ordinate of the 
vertex of the hyperbola^ is equivalent to the parallelogram de- 
scribed on the abscissa and ordinate of any point of the curve. 
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Scholium 3. The rhombus CHBNy described on the 
abscissa and ordinate of the vertex of the hyperbolai is called 
the power of the hyperbolcu 

Scholium 4, The rhombus AUBD is equal to one-half 
of the rectangle described on the axes of the hyperbola. But 
the power is equal to one-fourth (^ tlus rhombus ; hence, the 
power of an hyperbola is equal to one-eighth of the rectangle 
described on the axes* 

PROPOSITION X. PROBLEM. 



To find the equation of a tangent line to an hyperbola 
referred to its centre and asymptotes. 

Let P be the point at which the tangent is to be drawn. 
Designate its co-ordinates by a/', y^ The equation of a 
line passing through this point is of the fcnrm 

and it is required to find a when the line becomes tangent to 
the cur^e. 

The equation of the hyperbola referred to its asymptotes, is 

xy — M; 

and since P is on the curve. 

Subtracting the last equa- 
tion from the preceding, we 
obtain 

ay — a/y'=0, 

which may be put under the form 

17 
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Combining this with the equation of the secant line, and 
we obtain 

ax{x - a/') + y"(« - a/') = 0, 



or 



{x-x"){ax + i/') = 0. 



This equation wHl be satisfied by making x = a/', which 
will give y = y", and this will designate the fiist point P, in 
which the secant cuts the curve. The abscissa of the second 
point P' will be 



If we make the second point coincide with the first, we 
shall again have x = a/', and y = y", and this will give 



Substituting this value, and we have 
-v"=-K.(x- 



y-y" 



r,{x-a^'), 



which is the equation of the tangent line HT. 
Scholium 1. If in the equation of the tajigent 

we make y = 0, we find 

or 0? — a/'=:a/'. 

But a? — a/' is equal to the sub-tangent QT: hence, tJie 
mb'tangent referred to the asymptoteSf is equal to the 
abscissa of the point oftangenof 
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Scholium 2. Since CQ is equal to QTy it follows, from 
similar triangles, that TP is equal to PH: hence. 

If at any point of an hyperbola a line be drawn tangent to 
the curve, the part of the tangent intercepted by the asymp- 
totes will be bisected at the point oftangency. 

Scholium 3. If in the equation of the secant NM, which is 

we make y = 0, we shall have x = CN, and 

a ^ 
But in determining the equation of the tangent, we foimd 

a 
hence, NQ = C(y. 

If then, P'R be drawn parallel to the asymptote CT, the 
triangles NPQ, P'RM will be similar : and since the bases 
iVQ, P^R are equal, PN will be equal to PM. "Hence, 

If a line be drawn meeting the asymptotes and cutting the 
hyperbola in two points, the distance from either of the points 
to one of the asymptotes will be equal to the distance from 
the other point to the other asymptote. 

Scholium 4. The last property affords an easy method 
of describing an hyperbola by points, when the asymptotes 
and one point of the curve are known. 
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Let CTy CM, be the 

asymptotes of a hyperbola, 
9od P a point of the curre. 

Thnmgh P draw any right 
line, as NPM, cutting the 
aaymptotes in N and M. 

Take the distance PN^ 
which is known, and lay it 
off from M to P : then will 
P^ be a point of the curve. In a similar manner any number 
of points may be found. 

PROPOSITION XI. THEOREM. 

If a tangent line be drawn to the hyperbolay and limited 
by the asymptpteSy it will be equal to the conjugate of the 
diameter which passes through the point of contract. 

Let TM be the tangent line 
touching the hyperbola at P. 

Through P draw the semi- 
diimeter CP, Denote the 
semi-diameter CP by A'y and 
the angle MCT, formed by 
the asymptotes, by /S. 

The two triangles, CPQ, 
QPT, will then give (Trig. Th. IVX 

CP^=zx^ + y* + 2xy cos jS, 

TP" = a;* + y« - 2ay cos jB. 
Hence, - Cp'-^ P7^= 4 ay cos jB. 
But, since the angle MCX— XCT, we hare )5 = 2«^ : 
hence, cos ^ = cosV- sinV (Trig. Art. XX). 
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cos'« = ,, . ^, , and sm*« = 



hence, 






cosp = 



A*+B*' 



The equation of the hyperbola, referred to its asymptotes, 
also gires 

hence, CP*^ Ff= A« - jB», 

or A'«-PT*=A«-5*. 

Now, it has already been proved, that the difference of the 
squares of the two conjugate diameters is equal to the differ- 
ence of the squares of the axes (Prop. VIII, Sch. 11). 

But A and B are the semi-axes, and A^ is a semi-diameter: 
hence, PT must be equal to the semi-conjugate; and there- 
fore the tangent TM is equal to the (Hameter which is con- 
jugate to CP. 

Scholium. Let HH, &G 
be two conjugate diameters, 
and through their vertices let 
tangent lines be drawn, form- 
ing a parallelogram. 

Then, since the tangents 
lyjO, JViV', are equal and par- 
allel to the diameter &G^ 
and the tangents iVD, N^U equal and parallel to RHy the, 
vertices of the parallelogram will fall on the asymptotes. 

Hence, the asymptotes are the diagonals of all the parol'' 
Ulograms which can be formed by drawing tangent lines^ 
through the vertices of conjugate diameters. 
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Of the Polar Equation of the Hyperbola. 

PROPOSITION XIL PROBLEM. 

To find the general polar equation of the hyperbola. 

If we designate thrco-or« 
dinates of the pole P by a and 
bf and estimate the angles v 
from the line PJ7 parallel to 
the transverse axis, we shall 
have the following foimulas 
for passing from rectangular 
to polar co-ordinates : viz^ 

x^a + r con Vy y = 6 + ^ sin r. 
If we substitute these values of x and y, in 

the equation of the h]rperbola referred to its centre and axes, 
we shall obtain 




A^ sinV I r* + 2 A*5 sin v 
— fi*cos*i; — 2jB*acosv 



r + A»6«-.B«a«=-A«j5*, 



which is the general pokr equation of the h]rperboIa. 

Scholium 1. The discussion of the cases in which the 
pole is placed on the curve, or at the centre, being entirely 
similar to the corresponding cases of the ellipse, we shall 
only disouss the equation under the supposition of the pole 
being placed at either of the foci. 

If the pole be placed at the focus on the positive side of 
abscissas, of vdiieh the co-ordinates are 

a=Vii« + B*, 6 = 0, 
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the polar equation will become 

(A* sin^t; — JB* cos*t;)r* — 2 J5*a cos v . r = JB*. 

If we now resolve the equation with reference to r, and 
treat the two roots as in Bk. IV, Prop. XII, Sch. 3, we shall 
find the two values 



_ jB*(aco8 t; + A) 
"" A" sin*t; — jB* cos't; ' 



,_ ■^(a cost? — A) 
"* A* sin'v — B* cosH; * 



which, by changing the form of the denominator, and striking 
out the conunon factors, reduce to 



5* 



A — a cos v ' 



r = 



B* 



A + a cos V 



Let us now discuss the first 
value : that is, 

J5« 



A^a cos V 



If we make « = 0, we have, 
008t)=:l, and 



r = 




A-^.a 

But a = VA* + B^ ; therefore the denominator will be 
negative, and consequently the value of r will be negative : 
hence there will be no point of the curve for the value of 
v = 0. 

The value of r will continue negative for all values of v 
which give 

a cos t; > A, 

and it will be positive for all values of v which give 
aoo»t^<A. 
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or where cosv = - 




The positive values of r 
will therefore begin at the 
point where 

A = a cos Vf 
A 

and for that value of v the CP^ 
radius-vector will be infinite. 

The cosine of the angle NCB formed by the asymptote with 
the transverse axis is equal to CB divided by CN; that is, to 

A 

^/aTTb*' 

Hence, when the radius-vector through F becomes parallel to 
the asymptote CN, it will be positive and infinite, and will de- 
termine that point of the curve at which the asymptote is tangent. 
For all values of v, of which the cosine is less than 

A 

or of which the cosine is negative, r will be positive, and 
will therefore give pcnnts of the curve. 

When the value of v is such that the radius-vector through 
F becomes parallel to the asymptote CM, we shall again have, 

A 

cos V = . : 

VA*+B* 

hence, r will again become infinite ; and firom this value of v 
to t; = 360o, the value of r will be negative. The first 
value of r will therefore give all the points of the branch 
IPBH of the hyperbola. 

Let us now discuss the second value : viz. 



r= 



-5* 



X + a cos t;' 
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This value of r can only be positive when the denomi- 
nator is negative, which requires that we should have, 

ii< — a cos v. 

If then we make 

— a cos v = A, 

-A 

or, cos V = . :, 

we shall find the limit of the values of ix which can render r 
positive. For this value of v the radius-vector through F 
is parallel to the asymptote CMy and infinite ; and there- 
fore determines the point at which the asymptote is tangent 
to the branch &AG, The value of r will then continue 
positive until the radius^vector becomes parallel to the asymp- 
tote CN\ when it again becomes infinite and then negative. 
The second value of r, therefore, determines the branch 
&AG. The first value therefore answers to the case in 
which the pole is placed at the focus within the curve, and 
the second, to that in which it is placed at the focus without 
the curve. TTie two together give positive values of r for 
an angular space of 360°. 

Scholium 2. If, as in the ellipse, we make 

we shall have, for the polar equation when the pole is within 
the curve 

A(l-e«) 

V 1— ccosv 

and for the polar equation when the pole is without the curve 

1 + e COS t; 
in both of which equations the numerator is equal to half the 
parameter of the transverse axis. 
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General Scholium. 

1. We have seen (Bk. IV, Prop. I, Sch. 8), that if the 
origin of co-ordinates be placed at the vertex of the transverse 
axis, the equation of the ellipse will be 

the equation of the parabola for a similar position of the 
oxigfA (Bk. V, Prop. 1), is 

and for that of the hyperbola (Prop. I, Sch. 7^ 
y»=^(2Aa? + a?«). 
These equations may all be put under the form 

in which m is the parameter of the curve, and n the square of 
the ratio of the semi-axes. In the ellipse n is negative ; in 
the l^yperbola it is positive, and in the parabola it is 0. 

2. The curves whose properties have been discussed in the 
three last books are precisely those which are obtained by in- 
tersecting the surface of a cone by planes, as is shown in (Bk. 
IX, Art. 21). For this reason they are called Conic Sections. 

3. There is a general property of these curves too important 
not to be particmarly noted. It is this : If the pole be placed 
at the focus, the radius-vector will always be expressed ration- 
ally in terms of the abscissa of the point in which it intersects 
the curve. 

In page 97, we have, for the ellipse 

r'rrA-l-— and r = A — j. 
In page 141, we have, for the parabola 

2 
In page 166, we have, for the hyperbola 

/ 4 COC m A CflP 

r = A+-j- and r=— A + -7-, 
A A 

in all of which, the value of r is expressed rationally in x. It 

can be rigorously proved that the focus is die only point in 

.the plane of the curve which enjoys this property. 
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Discussion of the General Equation of the second 
degree between two Variables, 

1. It has been shown that every equation of the first 
degree, between two Tariables, is the equation of a straight 
line (Bk. II, Prop. II). 

We have also seen, that the equation of the circle, the 
equation of the elUpse, the equation of the parabola and the 
equation of the hyperbola, are all of the second degiiee ; aJid ' " 
analogy might lead us to infer, that every equation of the 
second degree between two variables, must represent one or ' 
the other of these curves. This is what we now propdse to 
prove rigorously. 

The general equation of the second degree between two 
variables, is 

Ay* + Bxy + Co;* + JDy -h jBa? + F = 0, 

which contains the first and second powers of each variable, 
their product, and an absolute term F. 

The coefficients, A, B, C, JO, J5, and jF, are entirely 
independent of Uie variables y and x, and values may be 
assigned to them at pleasure ; but when once assigned, those 
values remain constant throughout the same discussion. 

These coefficients are called constants; but this by no 
means implies that they always retain the same value, for 
indeed, the discussion of the equation consists in tracing out* 
all the changes to which it is svhjectedy by the different sujh 
positions which can be made on the absolute and relative 
vfdues of these coefficients. 
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2. Let us suppose, in the first place, that the co-ordinate 
axes are rectangular. This supposition will not render the 
discussion and the results less general. For, if the co-ordi- 
'nate axes were obliquoi we might readily pass to a system 
of rectangular co-ordiBAtea, without affecting the degree of 
the equation, since the equations for transformation are always 
linear, or of the first degree. 

8. Let us begin the discussion by supposing, that 

il = 0, and C=0. 
The general equation will then become 

Bxy + i)y + £a? + F = 0. 

If now we refer the curve to a system of parallel axes, of 
which the co-ordinates of the new origin, with reference to 
the primitive axes, are a and &, the formulas are (Bk. II, 
Prop. X), 

These values of x and y being substituted in the previous 
equation, it will become 

Ba/i/+ {Ba +D)t/+ {Bb +E)a/+Bab +Db + Ea +F=0. 

The co-ordinates of the new origin may be regarded as 
undetermined, and such values may be attributed to them as 
shall cause the equation to take a particular form. 

Let us then make 

Ba + D=iQ and Bb + E = 0, 

D E 

which gives ^="»"' ^"^"""g' 

i^d these values will reduce the equation in o/y^, to the form 
Ba/y'-^+F=0, or ^^^=^^5 
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and 



and since the axes are at right angles, this* is the equation of 
an equilateral hyperbola referred to its centre and asymptotes^ 

and of which ^ is the power. 

To construct this equation, let 
us suppose A to be the origin of 
the primitive axes. From A lay 
off, on the negative part of the 
axis of JT, a distance equal to 

— =■ . Lay off also on the liega- 

tive part of the axis of Y, a distance equal to — ^> 

JS 

through the points draw parallels to the axes, their point of 
intersection A', will be the new origin. 

The line drawn through the origin A\ and bisecting the 
angle of the co-ordinate axes, will be the transverse axis of 
the curve . 

If we make A^B' equal to -^ ^ , and draw B^B 

parallel to the other asymptote, B will be the vertex of the 
transverse axis. The other vertex, B^\ is determiiied ia 
the same manner. 

4. Let us suppose that we make, at the same time, 

A = 0, B = 0, C = 0: 

the general equation will then reduce to 
Dy + Ex + F^O^ 

which is the equation of a straight line. 

5. These particular cases offer no difficulty, and may 

therefore be excluded from the general discussion. Let us, 

therefore, suppose that the second power of at least one of 

the variables, y for example, enters into tiie equation. 

18 
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6. Resolying the general equation with reference to y; 
we obtain, 

y = —^{Bx+D)±—^{B»^4JiC):^-{'9(BD''%JiE)x-{'L^'-4AF. 

This value of y is composed of two distinct parts : the one 



and the other the radical part of the second member. 
Since> 






is the equation of a straight line, the second member, which 
represents the first part of the general value of y» may 
easily be constructed. 

Let A be the origin of a 
system of rectangular axes. 

Lay off from A a distance 
ADy in the negative direction 
of the ordinates, equal to 

D 

and through D draw DBC^ 

making with the axis of X an angle XBC, whose tangent 
B 




shall be equal to 



2A 



The angle will be obtuse, since 



its tangent is negative. 

The ordinate of any point of this line will be that part of 
the value of y which is without the radical sign. The line 

CD has been drawn under the supposition that — —r-y is 

essentially negative, which requires that B and A should 
have the same sign. If the coefficient of x were positive the 
angle XBC should be made acute. 
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If now we lay off from the origin A any abscissa, as AP, 
and designate it by a?, we shall have FF' for that part of the 
corresponding value of y which is without the radical. For, 
from the equation 

_ \Bx_ D_ 
^ 2A A' 

if x=AP, we shall have y = PP^. 

If we now lay off from P', the plus value of the radical 
from P' to M, above CP^^ and the minus value from P' 
to My below CP^f PM will represent one value of y, and 
PAf the other. The corresponding values of the ordinates 
may be determined in a similar manner for any abscissa 
whatever. ' 

Since all the points of the curve are determined by laying 
off from the different points of CP^ two equal lines in a con- 
trary direction, it follows that the curve will be synmietrical 
with respect to the line CP^ : that is, CP^ will bisect a sys- 
tem of parallel chords which terminate in the curve : hence^ 
CP^ is a diameter. And generally, if an eqtuztion of the 
second degree between two variables be resolved with refer- 
ence to one of the variables, the first member^ together with 
that part of the second member which is independent of the> 
radical, will be the equation of a diameter of the curve, 

7. Since the curve is symmetrical with respect to the 
diameter CP^, its equation may be simplified by referring it 
to this line as an axis of abscissas. The origin of co-ordinates 
will then be transferred to D, and the new ordinates t/ will 
be estimated from CP, and parallel to the primitive axis Y. 
Designate by « the angle XBC : we shall have 

B 
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and the equations for transformation will become, 

«s— a/co8«, y = —^{Bx + D) + y^. 

Substituting these values for x and y in the resohed 
equation, and we obtain 

/fc ^^tV (J8*— 4^C) cob«» j:^-2 (BD-2^£) coa •x'+ IJ^-4JiF ; 

squaring both members, and clearing the denominator, we 
obtain 

4JV— (B»-4tfC) co^«.«'«-2(BD-2.fl£) cob a.x'+C^-AAF. 

The polynomial which forms the second member of this 
equation, may be placed under the form, 

in which we see that the rariable quantity within the paren- 
thesis will become a perfect square if we add, 

{BD-2AEy 



{B* - 4 ACy cos**' 
We must, however, to preserve the equality, subtract 

(B'-4AC) co>. ^ iSD-ZAEY > 
(if 4AC;cos-^ (B*~4ACycos*» I 

which reduces to 

iBD~2AEy 
B'-AAC ' 

Making th6se transformations, we obtain 
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Let us now transfer the origin of co-ordinates from D to 
P'y making 

BD^2AE 



DJ^= 



(B^--4AC)co»m' 



If we continue the new axis of ordinates parallel to the 
primitive, and designate the co-ordinates referred to the new 
origin by a/', j/\ the equations for transformation will be, 

,/= BD-2AE ^ 

(jB»-4AC)cos«^ • w y- 

Substituting these values, and the equation of the cuinre 
referred to the new system of co-ordinates, will become, 

or, 4*«*«"»- (B*-4jaC)co8*«x"2= - ^^"Mf^ -f iy-4^J'. 

This equation contains but the second powers of the varia- 
bles with coefficients, and an absolute term which forms 
the second member. 

The coefficient of y is positive, and the sign of the co- 
efficient of -a/" depends on tbe sign of jB* — 4 AC, since the 
cos'i* is positive. 

This equation will take the form of the equation of an eUipse 
referred to its centre and conjugate diameters, when S*— 4AC 
is negative : for then the essential sign of the coefficients (^ 
the second powers of the variables will be both positive. 

8. If we make £ = 0, and A =: C, the essential sign of thd 
coefficient of a/^ will still be positive. Under this supposition 
the coefficients of y^^, a/^y will become equal to each otiier, 
and the equation will take the form 

18» 
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Hence, the equation of the circle belongs to the same 
general class with that of the ellipse, and may be derived 
from it by making particular suppositions on the values of 
the constants'. This is as it should be, since the ellipse 
becomes the circle by making the axes equal to each other. 

9. If 5* — 4 AC be positive, the equation wiU take the 
form oi the equation of a hyperbola referred to its centre 
and axes, 

10. In transferring the origin from D to P^, we made 

njy^ {BD--2AE) 
~(^-4AC)cosi.' 

If DP^ becomes infinite, the transformation is obviously 
impossible. When this occurs, 

(5*-4AC)cos« = 0, 
which requires that 

-B* — 4AC = 0, or cos«=0. 

But we have made 

B 
tang.= -^. 

and as y* enters into the equation, A cannot be ; hence, 
tang m cannot be infinite ; therefore, cos « cannot be : 
hence^ the suppositifHi requires that 

B*-4AC = 0. 

Ibitrodudng this coaditicm into the 8ec<»id transformed 
aq^u^B, and it becomes 



4i4y« = - 2(BD - 2.iE) cos •.«'+ jD« - 4 AF, 

fjjBD- 
4A' 



^_ 2{BD-2AE) ^. ^-MF 
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by representing the coefficient of a/ by P, and the absolute 
term by Q. 

If now we transfer the origin of co-ordinates in the direction 
of the negative abscissas, and to a point at a distance from the 

origin equal to -^ , and continue the new axis of Y par- 
allel to the primitive, the equations of transformation will be 
a/=-^ + a/^ and y'=y^ 
Substituting diese values and the equation reduces to ' 

which is the equation of the parabola referred to a sys* 
tem of co-ordinates having their origin at the vertex of a 
diameter. 

"We therefore see that, by attributing proper values and 
signs to the constants, the general equation of the second 
degree may be made to represent, m succession, all the lines 
of the second order which have been discussed ; and that it 
cannot represent any others. 

We also see, that the lines of the second order are divided 
into three classes, of which the following are the analytical 
characteristics : 

For the ellipse, B^ — 4AC<0; 

for the parabola, JP — 4 AC = Q; 

for the hyperbola, B*—4AC>0. 

We shall discuss these classes in succession. 

Of the Ellipse. 
JB«-4AC<0. 
11. Let us resume the value of y in the general equation, 
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In the 'first place construct 
CJIf y the diameter of the cuire, 
of which the equation is 



y= 



Bx + D 




Having done this, let us 
next seek the limits of the 
curre in the direction of the axis of abscissas. 

All the values of x which render the quantity under the 
radiosl sign positive will give real values for y, and vnll 
therefore correspond to points of the curve. 

The values of x which reduce the quantity under the 
radical to 0, will correspond to those points of the curve 
which fall on the diameter CM ; for such points there will 
be no values to be laid off above or below CM. 

All the values of x which make the quantity imder the 
radical negative, will render y imaginary, and will therefore 
not correspond to points of the curve. 

12, Im order to determine the values of x which will satisfy 
these conditions, let us decompose the polynomial under the 
radical sign into factors : we may place it under the follow- 
ing form, 
... Bx+D^ 



2d id 
Let us now place 



l,VC-"0)|^+«!^^J^-+SEi^' 



4^C( 



If we designate the roots of this equation by a/, x", the 
value of y may be placed under the following form (Alg. 
Art. 142), 



y= 



Bx + D 1 
2A 2A 



V(^-4AC)(ar-a/)(«-«"). 
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Hence, we see that the values of y will be imamnary or 
real, according as the product of the factors a? — a?', a? — 4/', 
is positive or negative ; and consequently, the limits of the 
curve depend on the values of a/, a/^ 

In regard to these values, there are three cases : 
1st. When the roots are real and unequal, of which the 
condition is 

{BD - 2 AE)» - (5« - 4 AC)(Z)» - 4 AJP) > 0. 

2d. When the roots are real and equal, of which the con- 
dition is 

(5i) - 2 AE)» - (B* - 4 AC)(D» - 4 AJP) = 0. 

dd. When the roots are both imaginary, of which the con* 
dition is 

(5i)-2AE)«-(B«-4AC)(D»-*4A20<0. 

1st. When the roots are real and uneqiuil. 

13. When the roots are real and unequal, all values ot x, 
greater than a/ and less than a/', will give contrary signs to 
the factors x — txfy x — a/'; their product, (a? — a/) (a? — a/'), 
will then be negative, and as B^-^^AC is also negative, 
the quantity 

(B« ^ 4 AC)(a? ~ a/){x - a/') 

will be positive, and consequently the values of y will be real. 

If we make a? = a/, or a? = xf\ the radical will vanish, and 
the two corresponding values of y will be the ordinates of 
the vertices of the diameter iV'AT. 

If we designate ANy the abscissa of the nearest vertex by 
a/, and Aitf", the abscissa of the remote vertex, by a/', we 
shall have 

JVJV=y'=_:^l-5, and M!M=f=-?^±^. 
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Finflly, all values of x which are less than af^ and all 
values of X which are greater than a/'y will render the Actors 
x^a/f X'-a/' of the same sign; hence, their product will 
l>e positive; and since ^ — 4 AC is negative, the quantity 
under the radical 

will be negative, and this supposition will, therefore, render 
both values of y imaginary^ 

We see, therefore, from this discussion, that the curve can 
hiM no absdssa less than a/, nor greater than a/'. Hence, 
the two ordinates JViV, ATM', drawn through the vertices 
iV, M!. will limit the curve in the direction of the axis of X: 
and they will also be tangent to the curve at these points, 
since they may be regarded as secants of which the two 
points of intersection have united. 

14. When the si^cond power of x enters into the pro- 
posed equation, we may resolve it with reference to a?, and 
determine the limits of the curve in the direction of the axis 
of y. The two lines which limit the curve in that direction, 
will be tangent to it, and parallel to the axis of X 

15. Having found the abscissas a/, a/', of the vertices of 
tfie diameter N^My we can readily find the value of this 
diameter, and also the value of its conjugate. 

The ordinates of the vertices are 

Boif+D 



y/=- 



2A ' 
Ba/'^D 



hence, Z^-y^r 



2A ' 
2T~' 



But the length of the diameter 
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is the distance between the two points whose co-ordinates 
are a/, y', a/', r/^ : this distance is expressed by 

Substituting in this expression the value of t/^^t/t and 
we find 



a/^-^a/ 



If we designate by X and Y the co-ordinates of the centre 
of the ellipse, which is the middle point of this diameter, we 
shall have 

2 ' 2 * 

If through the centre a diameter be drawn parallel to the 
axis of Y, it will be conjugate to the diameter JV' AT, since 
it is parallel to the two tangents drawn through its vertices. 

The ordinates of the vertices F and F^ of this new diame- 
ter, will be the two values of y corresponding to the abscissa 
of the centre, 

If, therefore, we substitute this value for a?, in the equation 
we shall obtain 

and the difference of these values will give, 

2A 

16. To find the angle which the conjugate diameters make 
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with each other, let « designate the angle which the first 
diameter makes with the axis of X. We shall then have 

B 2A 
tang« = — --7, cos it = -7 . 

Since the second diameter is perpendicular to the axis of 
Xf if we designate by t^ the angle which it forms with the 
first, we shall have 

«' = 90-i», 

and sm «r = cos tt = 

y4A« + 5« 

Having found the conjugate diameters, and the angle which 
they make with each other, the ellipse may be described 
(Bk. IV, Prop. IX, Sch. 4). 

17. There are yet other methods of determining points of 
the curve. If, for example, we wish the points in which the 
curve intersects the axis of JY, we make y = in the general 
equation : it will then reduce to . 

Cai' + Ex + F^O. 

The roots of this equation will be the abscissas of the 
points common to the curve and the axis of X. When the 
roots are real and unequal, there will be two points of inter- 
section ; when they are real and equal, the axis of X will be 
tangent to the curve ; and when they are imaginary, the axis 
will have no point in common with the curve. 

18. If in the general equation we make a? = 0, we shall 
have 

Ay^ + Dy+F = 0; 

and the roots of this equation will indicate similar relations 
between the curve and the axis of Y. 
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19l The position of the curve, with respect to the co-ordi- 
nate axes, will then be entirely determined by the values and 
signs which may be attributed to the constants A, -B, C, &c. 

The following table exhibits the principal analytical con- 
ditions which determine the position of the ellipse with 
respect to the co-ordinate axes : 



Positions. 
For the ellipse. 
Roots a/f a/^f 



Analytical conditions. 
5*-4AC<0. (1) 



LOOts ar or' > 

will be real! } "^ (B«-i4B)»-(B«-4^(il*-MC)>0. (2) 



Two points of intersec- ) 
tion with the axis X, i 

A point of contact with ) 
the axis JT, i 

No point of intersection > 
with X, ] 

Two points of intersec- ) 
tion with the axis of Y, J 

A point of contact with ) 
the. axis of Y, S 

No point of intersection i 
with the axis of Y, > 



20. It is neither easy nor useful to recollect theee analytical 
conditions, but we should not fail to understand clearly the 
general methods by which they are deduced. The following 
suggestions may serve as useful guides in the discussion of 
equations. 

1st. When the equation contains the second power of both' 

the variables, resolve it with respect to either of them ; but 

if it contains the second power of but one of the variables, 

resolve it with respect to that variable. 

2d. Construct the diameter of the curve. 

19 



when 


E*- 


-4CF>0. 


(3) 


when 


E*- 


-4CF=0. 


(4) 


when 


E*- 


-4CF<0. 


(5) 


when 


D»- 


-4AF>0. 


(6) 


when 


IP- 


-4AF=0. 


(7) 


when 


D*- 


-iAF<0. 


(8) 
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3d. Place the quantity under the radical sign equal to 0, 
and the roots of the equation will determine the vertices of 
the diameter. 

4th. Find the points in which the curve intersects the co- 
ordinate axes. 

The points thus found will, in general, be suiBcient to 
describe the curve. 

The following will serve as examples : 



1. y" — 2ay + 2a^ — 2y + 2a? = 0. 

The coefficients of the variables in this 
equation are such as to satisfy conditions 
(U (2), (3) and (6). 



2. 



y* — 2ay + 2«* — 2« = 0. 



This equation will satisfy conditions 
(U{2),(3)and(7). 



«* y* — 2«y + 2a;* + 2y + «+3 = 0. 

This equation will satisfy conditions 
(l),(2),(5)and(8). 



liet us now consider the second case, viz ; 




2d. When the roots jf and i!^ are equaL 
81. If the roots a/j a/^, are e^ual to each other, the pro* 
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duct (a? — a/) (a? — a/') will become the square (a? — a/)\ and 
we shall have for the general value of y 

Now, since J?* — 4 AC is negative all values of y will be 
imaginary except the one which corresponds to the value of 
x=za/. This value will cause the radical part to disappear 
and giv£ 

Ba/+D 



9 



31 • 



2A 



The curve is then reduced to a single point, situated qB: the 
diameter, aod of which the co<»rdinates are 



x = a/ and y= — * "^ 



-1 



2A 

By recurring to the equation from which the vnlues of a/ 
and a/' were derived, and recollecting that they can only 
become equal when the quantity under the radical reduces to 
0, we shall find 

(^2) - 2iljE)»- (^ - 4 AC)(Z>» - 4ilF) = 0^ 

for the condition which makes a/ = a/'. 
This, joined to the condition 

5*-4AC<0, 

reduces the curve to a point. 

22. It is easy to show, by reasoning directly upon the 
general equation, that the condition of a/ =za/^ reduces the 
curve to a point. 

For, we have 



2A 2A 

OF t2^x + Bir+I))»-(*-a/)»(fi«-4iie) = Q. 
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Buty since J?*-— 4 AC is negative, the two terms of the 
first member of this equation are both positive : hence, the 
equation can only be satisfied by making 

2Ay + Bx + D = 0, and a? — a/ = 0^ 

which gives 

^-^ W «- Ba/+D 
x=sx ana y := — — ■ y 

the same conditions as before found. 

Now, since a? = a/ is the only value of x which> can 
satisfy the equation when a/ = a/\ it follows that the sub- 
stitution of any other value of x will introduce into the 
equation incompatible conditions, and theriefore ought to 
render the corresponding value of y imaginary. 

The following will serve as examples, 

a* + y« = 0, y* + a?*-2af+l=0. 

Let us now consider the third case, viz : 
3d. Wfien the roots x' and tl" are both imaginary. 

23. Before considering this case we will state a principle 
of algebra on which itft discussion depends, viz : 

When the roots of an equation of the second degree are 
imaginaryy the prodtict of the two binomial factors into 
which it can be resolved ( Alg. Art. 1'42), will be positive. 

The roots will be of the form 

a? = ± a + V — 6% x=:dta — l/"^^^ 

and the factors of the form 

a? q: a — V — 6* and x^a + V — 6*, 
and their product 
(jT 7 a— V — ^B^) (a? =F « + V— 6*) = a?*±2a«4-«* + 6*. 
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and since 2 ax cannot exceed a? + a? (Alg* Art. 146)| the 
product will always be positive. 

Hence, in the case in which a/ and a/' are imaginary the 
pvoduct (lOfj— a/): {st-^oif') will be constantly positiye, and 
once £^ — 4AC is negative, the quantity imder the radical 
sign will be negative : hence, y will be imaginai^ for every 
value of Xy and consequently there is no curve. 

24. In examining the equation from which the value of a/, 
and a/' were obtained, we find 

{BD - 2AEy - (J?« - 4 AC)(f^ ^ 4iAF)< 0, 

for the condition which renders a/, a/', imaginary. 
This united with the condition 

J5*-4Ae<0, 

renders the curve entirely imaginary: that is, there is no 
value which can be assigned to either of the variables that 
will render the corresponding value of the other real. 

The follovring are equations which give imaginary curves : 

y*+ay+a^ + l-x + y+l = 0, y« + a?^+Jra? + 2'=0, 

which may be placed under the following fonns : 

(2y + a?+l)« + 3a?« + 3=0, y* + (ar+ 1)«+ 1 = 0: 

25. In the discussion, ther equation has been resolved with 
reference to y. Were we to resolve it with, reference ta a?, 
and place the radical part of the expression equal to 0, we 
should find for the real andt* unequal values of y, 

(SE-2Ci))»-(J?«-4AC)(£«-4CF)>0; 

ftr the equal value of y, 

(J?E-2CDy^(B«-4A€)(^-*«iO = 0; 
19* 
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and for the imaginary curve. 

But we need not reaolre the equation in <»rder to show, 
that if either of these conditions exists for one of the yariables^ 
it will necessarily exist for the other. 

For, the expressicMi 

{BD - 2AEy - (B* - 4ilC)(/)« - 4 AF), 

includes all the conditions. 
If we deyelop this expression, we shall find it equal to 

AP+Ciy + FB*^BDE^^ACF, 

in which we see, that neither its form nor value will be altered 
by changing A into C, and D into £, which is equivalent 
to changing y into a:, and x into y. 

26. There remains yet to.be discussed the particular case 
in which B^O and A = C, or in which the ellipse becomes 
a circle (Art. 8). 

Under this supposition, the general equation reduces to the 
form ^ 

orby dividing by A, . ^ ^ 

If we add to both members 

the equation may be placed under the form, ^ 
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which is the equation of a circle, of which the co-oidinates 

D E 

of the centre are — --r- and — —r- (Bk. Ill, Prop. I, 

■Six 2 -A 

Sch. 4X and the radius 



Vi>* + iS»-4AF 




2A 

The circle maybe easily described. 
For, the centre is determined by lay- 
ing off from the origin of co-ordinates 
the distances 

D^ E^ 

2A' 2A' 

and drakring parallels to the axes; then knowing the centre 
and radius, the circumference can be described. 

If Z^ + JE* — 4AF is equal to 0, the circle will reduce 
to a point ; and if it is negative, the circumference will be- 
come an imaginary curve. 

27. We may conclude from the preceding discussion, that 
the ellipse, which is characterized by the condition 

J5«-4AC<0, 

* 
will bec(»ne, in succession, the circle, the point, and the 

imaginary curve, if suitable values and signs be attributed to 

the constant quantities which enter into the general equation. 



• Of the Parabola. 

B«-4ilC = 0. 

28. Iiet.us resume the general value of y, which under 
the present supposition, will be 

16 A 2A 
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U we now make 

2(BD-2A£) 
the equation may be put under the form. 



= -«', 



y=-?^±^Vi(BI>-2AE)(x-a/), 



in which 



y=r 



2A 



is the equation of the diameter of the cunre (Art. 6). 

If we suppose {BD — 2 A£) to he positiye, the curve will 
extend itself indefinitely in the direction of the positive ah- 
sciasas, and be liniited in the opposite direction. 

For, if a/ be negative its essential sign under the radical 
wall be positiWy and every negative value of x numerically 
greaier than a/ will render the factor x-^af negative, and 
consequent^, die correeponding values of y will be imagi- 
nary. If oi be positive, as repre- 
sented in the figure, then, every 
negative value of x^ as well as all 
positive valuea less than a!^ will 
render the values of y imaginary. 
Under either of the suppositions, 
of x' negative or oi positive, every 
positive value of x greater than id would ghre real values 
for y : hence, the curve will extend itself indefiniieiy in. &e 
direction of the positive abscissas, and be limited in the 
opposite direction. 

For the value ^ = a/, the radical reduces to 0, and the cor- 
responding value of y isthe oidiaateof the vertex of the di- 
ameter. This ordinate through the vertex is tangent to the 
curve and' limit* it in one direction. 

If SD— 2AJB is negative, then whether of be positive 
or negative, every negative value of a> greater tban of will 
render the factor x-^-o/ negative, and consequMxtly give real 
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values for y. The curve will there- 
fore extend itself indefinitely in the 
direction of the negative abscissas. 
It is easily shown that the value 
it a? = ± a/ will give the limit of 
the curve in the other direction. 

29. If we resolve die general equation with reference to «, 
the equation of the diameter of the cunre will become 

(By + E), 




whence, ^e find 



« = 



y= 



2C ' 
2 Car E 



B B 
But the charactenstic of the parabola is 

B»-4AC = 0, 
. 2C B ■ - 

whence. 5" = XT' 

and therefore the equation of the second diameter becomes * 

_ Bx E ^ 

^■" 2A B' 

hence, this diameter is parallel to the first, of which the 

equation is 

_ Bx D 

^" 2A 2A' 

which proves a property of the parabola already knovm, viz.^ 
that all diameters of the parabola are parallel to each other 
(Bk. V, Prop. VI, Sch. 1). 

30. The points at which the parabola intersects the co- 
ordinate axes, may be found by combining the Equation of 
the parabda with the equations of the axes: that is, by 
making y = for the axis of Xy and or = for the axis of Y. 

31. The characteristic of the parabola bemg 

B»~4A(7 = 0, 

we have * B = 2^/1[UT 
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and hence the three first terms, 

of the general equation, foim a perfect square, and may be 
placed under the form 

Observing the directions given in Art. 19 for the discussioii 
of equations, there will be little difficulty in constructing the 
foUowing : 



1. y* — 2«y + af* + a? = 0. 

The equation of the diameter is 
y = «, or ^y=— au 




2. y*-*2dry + a^ + 2y70. 



8. y*-2«y + «« + 2y + l5=a 
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4 y — 2ay + a?* — 2y— 1 = 0, 




6. y* — 2a!y + «* — 2y — 2a? = 0. 



32, If we suppose the factor (BD — 2AE) under the 
radical, to become 0, the value of y in the general equa- 
tion wiU become 



<tt. 



y= 



Bx D 



2A 2A ' 2A 



i^VD»_4AF, and 



HencOi this supposition reduces the parabola to two 
straight lines, and since the coefficients of x are the same 
in the two last equations, the lines will be parallel. 

If the quantity D* — 4AF, under the radical, is positive, 
the two right lines wHl l^e real ; if it is 0, they will miite 
and become the same straight line ; and if it is negative the 
two right lines vrill be both imaginary. 
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Undv either of these mippositions, the equation 






D 
2A' 



will always be real, and will represent the diameter as de- 
fined in (Bk. V, Prop. VI, Sch. 1). 

33. When U«-4AC = 0, and 52)-2AB = 0, the 
general equation of the second degree may be resolyed into 
two factors of the first degree : and since the equation will be 
satisfied by making either of these factors equal to 0, it fol- 
lows, that the equation ought to represent two right lines. 
It can be placed under the form, ' 



(2Ay+Bx+Di-V iy-*AFy^2Ay+Bx+D^V D^-^F), 

The following examples will illustrate the three cases 
which haye been considered. 



I. y"-2«y + a!*-l=0. 



?• y« + 4«y + 4«»-4 = 0. 



8. y*— 2ay + a*+2y — 2a?+l«=0. 
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4. y* — 4a?y + 40?" = 0, 



6. y* + ^xy -Hr* + 1 = 0, 

in which CD is the diameter and the 
parallels imaginary. 




6-. y* + y+i = o, 

in which CD is the dfameter and the 
parallels imaginary. 



34. We may conclude from the preceding discussion 
that the parabola which is chtracterized by the condition 

B«-4AC = 0, 

will become, in succession, two parallel straight, lines, 'bne 
straight line, and two imaginary parallels, if suitable valuer 
and signs be attributed to the constant quantities whichrent^r 
into the general equation. « 

35. Since the diameters of the parabola are infinite, the 

centre is at an infinite distance firom the yertex of the axis, and 

therefore cannot be used in describing the curve. There is, 

however, a striking property which was first demonstrated by 

20 
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Bioly in hit Analytical Geometry, and which affords an easy 
construction for points of the curve. The property is this : 

ff through the focus of a parabola any chord be drawn, 
and two tangents be drawn to the curve at its extremities then, 

Ist. The \wo tangents will be perpendicular to each other; 
and 

2d. Their paint of intersection will fall on the directrix. 

Let there be a parabola of wnich 
A is the vertex and F the focus. 

Its equation, referred to A as an 
origin of co-ordinates, is 




y* = 2px. 

The equation of a straight line 
passing through a given point, will be 
of the form 

If the given point be the focus JP, of which the co-ordi- 
nates are y'= and a/= ^, we shall have for the equation 

4» 



of the chord. 



'=«(-f> 



If thii equation of the chord be combined with that of the 
parabola, we shall obtain the co-ordinates of the points P 
and* f, in which the chord intersects the curve. 

£ub9fituting for x in the equation of the chord its valne 
itsmji ftom the equation of the parabola, and we obtain 

in wUch t&e two values of y Tepreseut the eo^avdinates of 
ihe points P and P^. If we des^ate then valu^ by 
y^, y^ we shaU have (Alg. Ait. 14dX 
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If now, through each erf the points P, P', we conceive a 
tangent line to be drawn to the parabola, and designate th^^ 
tangents of the angles which they make with the axis «f 
abscissas by a', a/', we shall have (Bk. V, Prop. II), 

and consequently. 

If we substitute in tliis result the value of yy, we have 
aV=-l, or 0^0^^ + 1=0, 

and hence, the two tangents are perpendicular to each other. 

The converse of this proposition is also true : viz. 

If two tangents are perpendicular to each other y tJit chord 
joining the points oftangency will pass through the focus. 

For, let the tangents PT, PT, be perpendicular to each 
oth^r. Draw the chord PP^y and let us suj^ose that it docs 
not pass through the focus. From P, draw the chiwd 
pppff through the focus Py and through P' draw a 
tangent to the curve : then by wkat has just been demon- 
strated it will be perpendicular to PT: hence, the tangents 
PT and P'T will b« paraJlel, since they are both perpen- 
dicular to PT. But the tangent of the angle whlth a tan- 
gent line makes with the axis of abscissas is 

p.. 

y" being the ordinate of the point of contact. 

Now, Tiince no two points of the parabola have equal ordi- 
nates with the same sign, it follows that two tangents drawn 
at different points cannot be parallel : hence, P^^ must coin- 
cide with P', and P^' jT with P^T: therefore, the chord which 
joins the points of tangency will pass through the focus. 
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36. We will now demonstrate the second part of the pra 
position, viz : that the point of intersection of the tangents 
falls on the directrix. 

Fer this purpose let us designate the co-ordinates of the 
points of tangency hy a/,y^ and ^^ j/' : the equations of the 
tangents will then become 

yy" -p{^ + ^\ yy" =-P(^ + ^'l 

For the common pointy or point of intersection, we shall 
haye y = y and x^x: hence, if we combine the two equa- 
ticms by dividing them member by member, we shall have 

y^'^ jx + a/') 
from which we find 

in which x represents the abscissa of the point of intersec- 
tion of the tangents. This* value maybe simplified by re- 
collecting that the points of contact are on the curve, and 
hence, 

y^ = 2pa/, y^* = 2|)a/^ 

Finding the values of a/, af\ and substituting them in 
the last equation, and then dividing by the common factor 
y — yfy we find 

2i> 

As no condition has yet been introduced fixing the position 
of the chord or the direction of the tangents, it follows, that 
this is a general expression for the abscissa of the point in 
which two tangents intersect each other when drawn through 
the extremities of any chord. 

If now, we take the chord passing through the focus, we 
have just found^that 
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Introducing this condition into the last equation, and we 
hare 

tliat is, the abscissa of the point of intersection is without the 

curve, and at a distance from the origin equal to — ^, 

which is the distance of the directrix from the same point. 
Hence, the point of intersection of the tangents, falls on the 
directrix. 

37. To apply this property in the construction of the 
curve, it should be recollected that when the general equation 
is resolved with reference to y, we obtain a diameter of 
which the ordinates and the tangent line at the vertex are 
parallel to the axis of Y: and if we resolve the equation 
with reference to ar, we shall obtain a diameter of which 
the ordinates and the tangent line at the vertex are parallel to 
the axis of X Now since the co-ordinate axes are at right 
angles to each other, these tangents will be at right aagles ; 
and hence, the chord joining the points of tangency will pass 
through the focus. 

These points of tangency are easily detennined ; for they 
are the limits of the curve in the directions of the axes. For 
the tangent parallel to the axis of Y, we have already found 
(Art. 28), 



«'= 



which gives, 



Ba/+D 



2A 



• If we now resolve the equation with r^(^ence to x, we 
shall fibd the co-ordinates of the vertex of the odier diameter. 
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At this vertex, the tangent is paiaUel to the axis of X. We 

thus find 

„_ g*-4CF 
^~ 2(fi£-2CD)' 



which gives 



^'-'-^- 




Haying thus found the two points of tangency P, P', join 
them by a straight line PP* : this line will pass through the 
focus. 

Through the point P, draw 
PT parallel to the axis of or- 
dinates, and through P^ draw 
P'T parallel to the axis of 
abscissas: these Hnes will be 
tangent to the parabola, and 
perpendicular to each other: 
and hence, their point of in- 
tersection T^ will be on the directrix. 

Having constructed either of the diameters, the one, for 
example through P, draw through T, TB perpendicular to 
it, and TB will be the directrix of the parabola. 

With P as a centre, and a radius equal to PCy the dis 
tance to the directrix, describe the arc CF : the point P, 
at which it intersects PP*^ will be the focus. The line FB^ 
drawn through F and perpendicular to the directrix, will be 
the axis ; and the point A, equally distant from F and J3, will 
be the vertex. 

Of the Hyperbola. 

i?«-4ilC>0. 

38. After what has preceded, there can be little difficulty 
in discussing this class of curves. 



Digitized by VjOOQIC 



BOOK VII. 



Let us resume the general value of y, and place it under 
the form 



F- 



Br+JP 



S.tf 



=i,V(^-"o.p+.-?jE|^.+SE5f! 



If we represent by afy a/', the two roots of the equation 
the values of y may be put under the form - 



y= 



^1±^ ± -Lv(jB«-.4AC)(^-.a/)(^-^0. 



2A 



2A 



There are here, as in the ellipse, three cases : 
1st. When the roots a/, a/\ are real and unequal, of which 
the condition is 

{BD - 2AEy - (JB» - 4 AC)(2)« - 4 AF) > 0. 

2d. When they are equal, of which the condition is 

(BD - 2AEy - (B« - 4 AC)(i)» - 4AF) = 0. 

3d. When they are both imaginary, of which the condition is 

(BD - 2AEy - (B» - 4 AC)(2)« - 4 AF) < 0. 

1st. W%en the roots are real and unequal, 

39. When the roots are real 
and unequal, all values of or greater 
than a/ and less than a/', will give 
contrary signs to the factors x^a/^ 
«— a/' ; their product will therefore 
be negative, and as B^ — 4 AC is 
positive, the quantity under the 
friical sign will be negative : hence, the curre will be ima- 
giaary between the limits a/ and a/\ and will extend in- 
definitely beyond these limits. 
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If the abadsMi a/, a/', be substitated ia the equati<n of 
the diameter 

Bie + D 
*= 2A-' 

we shall find the ordiiiateB of the Yertices jP, i\r ; they are. 



.?^^±^, and y"=. "^^'+^ 



2il 

The points in which the curve intersects the co-ordinate 
axes, may be found by combining the equation of the curve 
with the equations of the axes. 

The following examples will illustrate what has been 
explained : 



yS.-.8aiy-«* + 2 = 0. 



2. y*-«« + 2«-2y+l = 0. 




3. y*-S«y-««-2y+2a?+3=0. >w 
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4. y«-2ap«-2y+6a?-8=0. 



2d. When the roots if, :sf\ are equal. 

40. When the roots a/^ a/\ become equal to each other, 
the value of y becomes 

Bx + D .x-^a/ 7-^3 — TTT^ 
y = s-l-=t-TrT-VB«-4AC; 



2A 



2A 



and this value is always real, since the quantity under the 
radical is positive. 

This equation will represent two right lines, and since the 
coefficients of x will be different in each, the' lines will 
intersect each other. The line AB of which the equation is 



y= 



Bx + D 
~2A^' 



will bisect all lines that are limited 
by the two straight lines, AD, AC, 
and parallel to the axis of Y. 
Hence, it may be still considered 
as a diameter. 
If we make x:^xf^ we shall have 

Baf+D 




/ = 



2A 



which gives the ordinate of the point A» whore the two lines 
intersect each otlier. 
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The cooditioD oi ^o/' enables us to place the gendl 
equatioD under the foim 

j«Ay + B« + i)-(a?^«')V{iP-.4AC)jx 

J2Ay + B«+i) + («-«')V(2?*-4AC)j=0. 

This equation is composed of two factors of the first de- 
gree, and can therefore be satisfied by making either of them 
equal to 0. It ou^t therefore to be the equation of two 
straight lines. 

We shall add a few examples. 



I. y«-««« + 8y + l=0. 



2. 



y«-«« = 0. 




8. y* + a?y-2«« + 8a?-l=0 



3d. When the roots x', x<', are imaginary. 
41. When in the equation 
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::r the roots a/^ o/^ are imaginaiyy the product of the factors 
(« — a/), (a/ — a/% will be always positive (Art. 23), and 

since B^-^^AC is positive, the quantity under the radical 

'^ will be positive, and hence y will be real for all value* of «, 
__ and each abscissa will give two values for y. 
^- The part which is independent 

of the radical 



y= 



2JSx + D 
~2A^' 




will still be the equation of a di- 
ameter of the curve, and this 
diameter CD will bisect all lines 
parallel to the axis of Y and terminated by the curve, 
line CD, is therefore a diameter of the hyperbola. 

The imagmary values a/, a/^, are the roots of the equa- 
tion which was obtained by placing the quantity under the 
general radical equal to 0. The values of x which would 
reduce that quantity to 0, correspond to the vertices of the 
diameter. But as there are no values of x which will 
satisfy the equation, it follows that the diameter does not 
intersect the curve. 

Let the hyperbolas of which the following are the equations 
be constructed. 



1. 



5^ — 2acy — «• — 2 = 0. 
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fL y"+8«y-«»+2«+2y-l=0. 




8. 5^ — 2«y — ap* — 2« — 2 = 0. 



42. Having found the abscissas a/, of' of the vertices of 
that diameter which intersects the curve (Art. 37), we can 
readfly find the value of this diameter by a method entirely 
similar to that pursued in (Art. 15). 

The length of the diameter will be equal to 

and the length of its conjugate diameter to 

2A 

The conjugate diameter will be imaginary, since AAC-^B*, 
is negative. If we designate the angle included by the 
diameters by «, we shall have, as in the ellipse (Art. 16^ 



sm « = • 



2A 



V4A»+J5« 
Then, knowing the conjugate diameters and the angle 
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which they form with each other, the hyperbola may be 
described. 

^ 43. There is yet one case to be examined : it is that in 
which 

A = — C and Jff = 0. 

Under this supposition the general equation will become 
A y«- Ax^+ Dr/ + Ex + F = 0, 



or. 



y.«^ + Jy + ^a.+ £=0: 



and, by adding j-^ and — , to both members, it 



4^» 
may be put under the form 



4il».' 



C 




f , D\* ( E\* D*-E*-4AF 
[^ + 2A) - i^- 2aJ = —TA» ' 

which represents an equilateral 
hyperbola of which the co-ordi- 
nates of the centre C are 

— rr-r and -\ -, 

2A 2A' 

and of which the power is one 
half of 

jy^E«-4AF 
4A* 

This case corresponds to that in which the ellipse be- 
comes the circle. 

Of the Centres and Diameters of Curves. 

44. That point in the plane of a curve which bisects all 

straight lines drawn through it and Umited by the curve, is 

called the centre. 

Admitting, for a moment, that there is such a point, let us 

21 
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suppose the origin of co-ordinates to be transferred to it 
Through the origin let any straight line be drawn, and desig- 
nate the co-ordinates of one of the points in which it inter- 
sects the curve by + a/, + ^ ; the co-ordinates of the point 
in which it intersects the curre, on the other side of the centre, 
will be designated by — a/, — t/. Now, since this is true 
for every position of the right line, it follows, that if the curve 
has a point whose co-ordinates are +0/9 +y, it must also 
have another point whose co-ordinates arc —a/, — y'. But, 
if an equation is equally satisfied for all values of +a/y +y^f 
and —a/, — j/, it must necessarily be of such a form as to 
undergo no alteration when the signs of both the variables are 
changed from + to — , or from — to +. 

This condition requires, that every term of the equation 
should be of an even degree. If, therefore, a curve have a 
centre, all the terms of its equation, when referred to it as an 
origin of co-ordinates, will be of an even degree. 

To determine then whether a curve has a centre, it is 
simply necessary to inquire whether its equation can be 
reduced to such a form that each term shall be of an even 
clegree with respect to the variables. 

For this purpose, let us assume the formulas for transferr- 
ing the origin of co-ordinates» vrithout changing the direction 
of the axes. They are 

ssia + i/, y^b + f^ 

If we now substitute these values of x and y, in the gen 
eral equation of the second degree, 

Ay^ + Bxy + Cs?+ Dy + Ea? + F = 0, 
tre rindl have 
Aff^-^-Bj^y'+Cx^J^M^ + Bab+Ca^+Bh + Ea+FX ^ 

Since the co-ordinates a and h of the new origin are 
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entirely arbitrary, we can in general attribute to them such 
values as will introduce two conditions into the last equation. 
We are therefore at liberty to make 

2Ab+Bu+D = 0, and 2Cu + Bb + E = 0. 

If, in addition, we represent the known terms of the last 
equation by P, the equ^on will take the ibna 

Ay^ + Ba/y^ + Co/' + P = 0, 

an equation which will not be affected by changing +x[ +y^ 
into — a/, — y', or — a/, — ^ into +a/, +t/, 

46. The existence of a centre depends entirely on the two 
equations, 

2Ab+Ba + D=zO, and 2Ca + Bb + E = 0. 

If we suppose u and b to assume all possible values, which 
will satisfy the two equations, each will represent a straight 
line, and they may be placed under the forms 

2A^ 2A' 5^ jB* 

As the ceittre must He on each of these right lines, it will 
be found at their intersection. Hence, if we combine the 
equations, the values of a and b will be the co-ordinates of 
the centre, TTiey are 

2AE'-BD ^ 2CD'-'BE 



a = 



B^^^AC ' B«-4AC 



These values will be single and finite so long as f — ^AC 
is not : hence, there is always one point, and but one, in 
each of the planes of the ellipse and hyperbola which enjoys 
the properties of a centre. 

When B* — 4AC = 0, which is (he characteristic of the 
parabola, the values of both a and b become infinite, wbicb 
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shows that the centre is at an infinite distance from both 

axes, or in other words, that the parabola has no centre. 

From the chai^teristic of the parabola JB* — 4 AC =0, 

we find ^ ^ 

B _2C 

2i4 ■" £ ' 

from which we see, that the two lines, which by their inter- 
section determine the centre of the curve, become parallel to 
each other : hence, the co-ordinates of the centre ought to be 
infinite, or the centre ought not to exist. 

46. It has been shown, in Art. 31, that when 

(BD-2AE) = 0, 

the parabola reduces to two straight lines. 
This supposition also gives 

D _ E , 
2A " B ' 

and hence, the two lines which determine the centre will 
coincide with each other : the centre will therefore be at any 
point of the common line. 

This indetermination arises from the relation which exists 
between the coefficients of a and by in the equations 

2Ab + Ba + D = 0, 2Ca + Bb + E = 0; 

that is, if one of the equations is equal to 0, the relation be- 
tween the coefficients is such as to satisfy the other : and 
hence the conditions are not independent ; and therefore the 
two equations ought not to determine a and b (Alg. Art: 103). 
It should, however, be remarked, that when this indeter- 
mination arises, the parabola is reduced -to two parallel 
straight lines, and the centre is limited to a straight Une par- 
allel to, and equally distant from them ; and this is equally 
true, whether the parallels are real or imaginary. 
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47. It has already been remarked (BL V, Prop. VI, Sch. 
1), that the term diameter , designates any straight iine which 
I>i8ects a system of chords drawA parallel to each otEer and 
limited by the curve. 

If, therefore, the axis of abscissas coincides with a diame- 
ter of the curve, and the axis of ordinates be drawn parallel 
to the system of chords which the diameter bisects, the curve 
will be symmetrical wkh respect to the axis of abscissas j 
for, each value of x will give two equal values of y with 
contrary signs. 

Under this supposition, therefore, the equation of the curve 
will not contwn the first power of y- 

Again, if we suppose the axis of F to coincide with a 
<liameter of the curve, and the axis of JT to be parallel to the 
system of chords which are bisected by the diameter, each 
value of y will give two equal values of a? vriith contrary 
signs : hence, under this supposition, the equation will not 
contain the first power of w. 

If, therefore, it be required to determine whether the curves 
represented by the general equation of the second degree^ 

Ay* + Bay + Cx^ + Dy + Ex + F=:0, 

have one or more diameters, it vnll only be necessary to 
ascertain, whether the equation can be so transformed as to 
cause the terms containing the first power of one or both of 
the variables to disappear. 

For this purpose, let us refer the curve to a new system 
of co-ordinates. Since the axes of the primitive system have 
been supposed at right angles to each other, we shall te€faa$e 
«the formulas 

a? = a + a:'cos« + y'cos«/, y = 6 + a/sin« + y'^sin</, 

for passing from a system of rectangular to a system tt 

oblkpie axes. 

21 • 
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Substituting these values of x and y in the general equa- 
tion, and we obtain, 

[2Asin«sin«'+ Jff(sin«cos«'-f 8in«'cos«)+ 2Ccos«cos«']a/y', 
+ [(2i4i + Ba + D) sin * + {2Ca + Bb + E) cos •Jo/, 
+ [(2 A6 + i5a + i)) sin «'+ (2 Ca + B6 + JB) cos -'j y, 
for flie terms which contain the uneven powers of a/ and y'. 

By referring the curve to a new system of co-ordinate 
axes, we have introduced into its equation four arbitrary con- 
stants, a, by «, and «^: we can therefore attribute to these 
constants such values as will introduce four independent 
conditions into the resulting equation. 

If then, we place, as we are at liberty to do, the coefficients 
of the first powers of t/ equal to 0, the new axis X! will be- 
come a diameter of the curve. The analytical conditions are, 
2Cco8«cos«'+ jff (sin^cos^'+sin «'cos «)+2A sin«sin •'zrO, 
which may be placed under the form 

2 C + JB(tang «'+ tang •) + 2 A tang • tang «'= 0; (1) 
and 

(2 Ah + J5a + D) sin •'+ (2 Ca +Bb + E) cos «'= 0. (2) 

In order to render the new axis Y' a diameter, we must 
place the coefficients of a/ equal to : which gives, 

2C+Jff(tang ii'-htang «) + 2A tang • tang #'=0, (1) 
and 

{2Ab + Ba +D) sin • + (2 Ca +Bb + JB) cos • = 0. (3) 

The first equation in each of the conditions is the same, as 
indeed it ought to be, since the coefficient of the product a/t/ 
is alike the coefficient of the first power of a/, or of i/. 

48. Let us now examine more particularly equations (1), 
(2) and (3). 

In order that the new axis of JI7 shall be a diameter, that 
is, in order that it shall bisect a system of chords parallel to 
the axis of Y^, equations (1) and (2) must be satisfied at the 
same time. Since these two equations contain the four arbi- 
trary constants a, 6, « and •', we might suppose ourselves < at 
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liberty to assign arbitrary values to two of them, and then 
satisfy the equations by attributing suitable values to the 
other two. But since neither a nor b enters into equation 
(1), it is evident that we cannot attribute arbitrary values to 
* and afy for equation (1) will always determine one of them 
when the other is known. We may, however, if we {Aease 
attribute arbitrary values to a, and 6, and this will fix the 
position of the new origin. TJnder this supposition equation (2) 
will determine the value of «', and consequently the direction 
of the new axis Y^will be known. Substituting the value of 
«' in equation (1) we find the value of «, and hence the 
direction of the new axis of X' becomes known. 

Under these suppositions equation (3) will not in general 
be satisfied, since all the arbitrary constants which enter into 
it, have been determined by other conditions. 

If we attribute a given value to « or «', that is, if we assume 
the direction of one of the new axes, the direction of the other 
will be determined by equation (1), and consequently, the 
angle formed by the new axes will become known. 

If then we wish that both of the new axes shall be diame- 
ters, we must satisfy at the same time equations (2) and (3) 
by attributing suitable values to a and h. But since a and 6 
do not depend on « and a^, and since the equations axe to be 
satisfied for all values of « and «' we have ( Alg. Art. 208), 

2 Aa + JB& + D = and 2Ca + Bh+E = 0. 

But these are the equations of ihe centre of the curve 
(Art. 46 ) ; and consequently the co-ordinates of the centre 
will satisfy the equation of every diameter. Hence, every 
diameter of a curve of the second degree passes through the 
centre. Reciprocally, every line passiftg through the centre 
is a diameter, since if we satisfy equation (2) or (3) inde- 
pendently of • or •i' we can always satisfy equation (1), and 
hence the conditions of a diameter will be fulfilled. 
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49. If it be required that the fiist power of neither rariable 
shall appear in the transformed equation, the three conditions, 

2C + JB(tang-'+tangii) + 2Atangiitang«'=0, (1) 
2i46 + J5a + D = 0, (2) 2Ca + Bb + E = 0, (3) 

must subsist at the same time, and the transformed equation 
will take the form 

and since each axis will then bisect all chords which are 
parallel to the other, the curve will be referred to its centre 
and conjugate diameters. 

Since there are still two undetermined quantities, « and «^, in 
equation (1), it follows, that there is an infinite number of sys 
tems of conjugate diameters which will fulfil the conditions 

If, however, a given value be attributed either to « or *' the 
value of the other may be determined from equation (1); and 
if we make «'--« = 90, the curve will be referred to its 
centre and axes. 

50. The last equation has been obtained under the suppo- 
sition that equations (2) and (3) may be both satisfied at the 
same time by finite values of a and ft. We have seen, 
however (Art. 45), that when the curve becomes a parabola, 
the conditions which will satisfy one of the equations will 
cause the two straight lines which they represent to become 
parallel to each other. The parabola will then be sym- 
metrical with respect to either of the parallels determined 
by equations (2) and (3). 

51. In reviewing the methods which have been pursued in 
the discussion of the general equation of the second degree, 
we see, that the equation has been simplified by transferring the 
origin of co-ordinates, and changing the directions of the axes. 

In the ellipse and hyperbola, which are characterized by 

J5^-4i4C<0, and J3«-4ilC>0, 
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the first power of the variables can be made to disappear by 
simply changing the position of the origin. 

The equation which establishes such a relation between «/ 
and « that one of the new axes shall bisect all chords of the 
curve which ^e parallel to the other, will render the coeffi- 
cient of the rectangle of the variables equal to 0, and will 
therefore cause that term to disappear from the transformed 
equation. The last condition has no reference to the position 
of the origin of co-ordinates : it merely expresses a relation 
between the angles which the new axes form with the pri- 
mitive axis of abscissas. 

62. The condition J52-4AC = 0, 

which characterizes the parabola, attributes such values to 
the constants which enter into the coefficients of a/, %/^ in the 
transformed equation, that by placing one of them equal to 
0, the other cannot be reduced to for finite values of a and h 
(Art. 45). In this case, the two conditions expressed by 
equations (2) and (3) are dependant on each other. If either 
of the new axes Ji! or Y' is a diameter, we have jff = 0. 
Now, if X is a diameter, we have in addition to the last con- 
dition D = 0. Under this supposition A cannot be 0, for then 
the general equation would not contain y. Hence the condi- 
tion 5^ — 4AC=0, would give — 4 iiC = and conse- 
quently C = or the second power of a? would not appear 
in the equation. 

If y is a diameter, we have B = and E = : then C 
cannot be 0; hence A = 0, or the second power of y will not 
enter the equation. Hence the equation of the parabola 
must reduce to the forms. 

or ' z^ = P'y + «', 

or by again transferring the origin of co-ordinates to 
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Of the Point and Straight Line m Space— Cf the 
Plane — Of the Transformation of Cknirdmates in 
Space — Of Polar Equation in Space, 

1 . ' Space is indefinite extension and is entirely similar in 
all its parts. We are therefore unable to determine the 
absolute places or positions of the geometrical magnitudes 
which are to be subjected to the algebraic analysis, since 
there is nothing fixed to which they can be referred. Their 
relative positions may, however, be easily determined and 
these will enable us to discuss and develop their properties. 

2. Thus far, the analysis has been limited to points and 
lines lying in the same plane, and these have been referred 
to two straight lines mali^ing a given angle with each other. 
The analysis is now to be extended to points and lines in 
space, and these will be referred to three planes, which for 
simplicity, will be taken at right angles to each other. 

3. Let AX, A y, A Z, designate 
the three straight lines in which 
the planes intersect each other. 
The plane ZAX is supposed to 
be vertical and to coincide with 
the "plane of the paper. The 
plane YAX is supposed to be ^ \Z' 
horizontal, and to intersect ZAX in the horizontal line XX. 
The plane YAZ is perpendicular to the other two planes and 
intersects the horizontal plane in the horizontal line YY^, 
and .the vertical plane in the vertical line ZZ^. The three 
planes are called, the c<H>rdinate planes. 




y 
/ 
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4. Since the co-ordinate planes are respectively at right 
angles to each other, the line of intersection of either two will 
be perpendicular to the third : and this line of intersection is 
called the axis of that plane to which it is perpendicular. 

For example, X is the axis of the co-ordinate plane YZy 
Y the axis of the co-ordinate plane ZX, and Z the axis 
of the co-ordinate plane YX. The three are called, the 
co-ordinate axes, and their point of intersection A, is called 
the origin. 

5. The co-ordinate planes axe supposed to* be indefinite, 
and hence, they will divide all space into eight equal parts, 
or solid angles, having the origin A for a common vertex. 
Four of these angles are above the horizontal plane YAX, 
and lour below it. They a^e thus designated. 



YAX 


is called the 


Ist angle, 


YAX' 


«<. « 


2d " 


XAY 


« u 


3d « 


YAX 


U (( 


4th « 



The fifth angle is directly beneath die first, the sixth 
beneath the second, the seventh beneath the third, and the 
eighth beneath the fourth. 

This manner of naming the angles difiers from that adopted 
in the plane, where the first angle is beyond the axia of 
abscissas, and where we pass round from the right to the left; 
but both the methods are how too well established to be 
changed merely for the purpose of producing uniformity. 

6. The distance of any point in space firom either of the 
co-ordinate planes is estimated on the axis of the plane, or en 
a line parallel to the axis. 

7. Let us suppose that we know the distances of a point 
from the three co-ordinate planes, viz : 
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from 
from 
from 



ZX=b, 
YX=c. 





z 




y^ 


pu 


P" y 


^ — , 




v 


A. 


y' 


yA 


p' 


p 





From the origin A lay oflF on 
the axis of X, a distance Ap=a, 
and dirough p pass a plane paral- 
lel to the co-ordinate plane YZ. Its traces pP^, jpP, will be 
respectively paraUel to the axes Z and Y. Lay off in like 
manner on the axis of Y, a distance Af/ = b, and through 
j/ pass a plane parallel to the co-ordinate plane ZX. Its 
traces p^P, pIP' will be respectively parallel to the axes X 
and y. Since the point must be' in both planes at the same 
time, it v^rill be in their common intersection, which is per- 
pendicular to the horizontal plane at P. 

Lay off from the origin of co-ordinates, on the axis of Z, 
a distance Apl^ = c, and through p/' pass a plane parallel 
to YX : its traces pI'P^ jf'P'^ will be parallel respectively 
to the axes X and F, and the point in which the plane is 
pierced by the perpendicular to the horizontal plane at P, 
will be the position of the required point. The point will 
therefore be vertically projected on the plane ZX at P', 
and on the plane ZY^ at P'. Its co-ordinates, are Pj/, 
|>P, andpP'. 

The distances of a point from the co-ordinate planes are 
expressed algebraically by 



xz=.ay 



y==6, 



3r = c. 



and since these conditions determine the position of the point, 
ihey are called, the equations of the point. 

8. Let us now consider these conditions in a general man- 
ner, and see what each, taken separately, implies. 
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The conditions 

a?= db a, 

will limit the point to one of two planes drawn parallel to the 
co-ordinate plane YZ, on different sides of the origin, and at 
a distance from it equal to a. 
The conditions 

y=db6, 

will limit the point to one of two planes drawn parallel to the 
co-ordinate plane ZX, on different sides of the origin, and 
at a distance from it equal to b. 

If these conditions exist together, the point will be limited 
to four straight lines, parallel to the axis of Z. 

The conditions 

will limit the position of the point to one of two planes drawn 
parallel to the co-ordinate plane YXy on different sides of 
the origin, and at a distance from it equal to c. 

If all the conditions exist at the same time, the point will 
be found at either one of the eight points in which the two 
last planes are pierced by the four parallels before deter- 
mined ; and each of these eight points will be found in one of 
the eight angles formed by the co-ordinate planes. By at- 
tributing to the co-ordinates of these points the signs plus and 
minus, the position of either one of them may be precisely 
determined. The following signs are attributed to the co- 
ordinates of a point in the different angles : 



Ist 


angle 


x=+a, 


y=+b. 


«= + c, 




2d 


(( 


x=-a. 


y=+h. 


*=+c, 




8d 


« 


x=-a, 


y=-h, 


*=+c, 




4Ui 


u 


x=+a, 

22 


y=-h. 
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6th angle x=: +ay y=+6, ;ir=— e, 

6th ** «=— a, y=+6, z=— c, 

Tdi ** «=— a, y=— 6, 2r=— c, 

8th " «=+a, y=— 6, z=— c. 

9. Since the co-ordinate of a point represents its distance 
from one of the .coordinate planes, it follows, that when this 
distance is 0, the point will be found in the plane. 

Hence, we have the following for the equations of the 
co-ordinate planes : 
For the co-ordinate plane YAX^ 

z = 0, X and y indeterminate; 

that is, X and y must be indeterminate in order that they 
may be made to represent, in succession, the co-ordinates of 
every point of the plane. 
For the co-ordinate plane XAZ^ 

y = 0, X and z indeterminate. 
For the co-ordinate plane YAZy 

07=0 y and z indeterminate. 

10. Since either axis lies in two of the co-ordinate planes, 
we shall have, for the equation of the axis of X, 

y = 0, ;r = 0, and x indeterminate. 
For the equation of the axis of Y, 

a? = 0, jr=rO, and y indeterminate. 
For the equation of the axis of Z, 

ap = 0, y=:0^ tod z indeterminate. 
And for the origin, which lies in the three planes, 
a? = 0, y = 0, and z = 0. 
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11. We also have, for a point on the axis of X, 
y = 0, « = 0, and w=: dza. 

For a point on the axis of Y, 

ar = 0, ar = 0, and y = ± 6. 

For a point on the axis o[ Z, 

a? = 0, y = 0, and jz: = ± c. 



355 



PROPOSITION L PROBLEM. 

To find the distance between two points in space when their 
co-ordinates are known. 

Let (Q, Of, Qf^) he one of 
the points, and (P, P', P^O 
the other. 

Represent the co-ordinates 
of the first by a/, y^, 2/y and 
those of the second by 
^'> y'^> ^\ aiid designate the 
length of the required line 
by D. The line D will be the hypothenuse of a triangle, 
of which the base is QP, and altitude pP^. 

But, Qp = a/^^af, Pp^f-%j[, and p'P'=«''-^. 

In the right angle triangle QPp<i we have 

5P*=(^^-^)« + (y''-y^)«; 

hence, Z)« = (a/'- a/)« + (y^'- y^)« + C*''- ^y, 

and D = -/(a^- a?')« + {f-t/Y + («''- ^y. 

Scholium 1. If the line were projected on the three co- 
ordinate axes, af'-^a/^ yf'—yfi J'—z!^ would represent, 
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Y^ 


nf 


p'/^< 
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/.. 


Y 
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p" 


yf 


/ 


^ 


y^ 


\y' 


/p> 


>f 



respectively, the length of the projection on each axis : hence, 
it follows, that the square of any portion of a straight line is 
equal to the sum of the squares of its three prcjectionM on the 
Cfhordinate axes. 

Scholium 2. If one of the 
points, the one for example of 
which the co*ordiiiates are a/, \/^ zf^ 
be placed at the origin, we shall 
hare. 

which represents the distance of any point in space from the 
origin of co-ordinates. 

Scholium 3. The three lines Pj/, Pp^ P^py drawn per- 
pendicular to the co-ordinate planes, may be regarded ais the 
three edges of a parallelopipedon, of which the line drawn to 
the origin is the diagonal. We have therefore verified a 
proposition of geometry, viz : the sum of the squares of the 
three edges of a rectangular parallelopipedon is equal to 
the square of its diagonal. 

Scholium 4. This last result offers an easy method of 
determining a relation that exists between the cosines of the 
angles which a straight line makes with the co-ordinate axes. 

Let us designate the length of the line passing through the 
origin of co-ordinates by r, and the angles which it forms 
with the axes, respectively, by Xy Y, and Z. 

We shall then have for the lines Ap, Ap\ Ap^\ which arc 
respectively designated by a/', \/'y zf\ the following values, 
viz. : 

a/'= r cos Xy \/'—r cos Y, 2/'= r cos Z. 
By squarmg these equations and adding, we obtain 
a//« + f^ 4- zf'^ = r«(cos«J!r+ cos« Y+ cos«Z). 
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But we hare already found 

Hence, co8*-X' +■ cos* Y + cos*Z = 1 •, 

that is, the sum of the squares cf the cosines of the three 
angles which a straight line forms with the three co-ordinate 
axes^ is equal to radius square^ or unity. 




PROPOSITION II. PROBLEM. 

To find the equations of a straight line in space. 

Let OP^ be the projection 
of a straight line on the co- 
ordinate plane ZX, and CP^ 
its projection on the co-ordi- 
nate plane FZ. Now, since 
a hne is determined in space 
when two of its projections 
are known (Des. Geom. Art. y/ 
26), it follows that the conditions which fix the projections 
will determine the line- 
Let a?= az + » 

be the equation of the projection OP'^ and 

y = 62: + ^, 

the equation of the projection O'PK 

In these equations, a represents the tangjent of the angle 

ilDF, • the distance AC, 6 the tangent of the angle W^PTi, 

and ^ the* distance AO^. The angles in the co-ordinate 

plane ZX, are estimated from the axis Z to the right; and 

in the co-ofdinate plane FZ, thej are estimated from the 

axis Z towards the left. 

22* 
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If we suppose a, », 6, and ^, to be given or known, the 
two projections CP^, CP^^ will be determined ; and hence, 
the line of which they are the projections will be determined 
in space. Hence, 



x=:az + », 



y^bz + fi, 



are the equations of a straight line. 

Scholium 1. Since the projections of a straight line on 
two of the co-ordinate planes detennine the position of the 
line in space, they ought also to determine its projection on 
the third co-ordinate plane. This indeed may be easily 
verified* 

For, through P^ draw a 
parallel to the axis of Z, and 
from the point in which it in- 
tersects the axis of X draw 
a parallel to the axis of Y, 
Through P^' draw a parallel 
to the axis of Z, and through 
the point in which it inter- y/ 
sects the axis of T, draw a parallel to the axis of X: then 
will P be the projection of the pomt (P^ P^% on the co- 
ordinate plane YX. 

Find, in a similar manner, the projection of a second point, 
. as ((7, C^)y and draw the projection CP. 

The equations 

of the projections of the line on two of the co-ordinate planes, 
(Might also to give the equation of the projection on the third 
plane. 
K we eliminate z from the two last equations, we have 
22* 
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py 
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x-» _y-^ b _y-± 

a a? — • 

nence, y — /S z=: ^-(a? — «). 

This equation is independent of Zy and represents the projec- 
tion CP of the line, on the third co-ordinate plane YX, 

Scholium 2. If in the equations of a given straight line, 

a? = fljK + «, y = bz + fif 

a particular value be attributed to either of the variables 
a?, y, or z, the corresponding values of the two others may 
be found from the equations, since there will then be but two 
imknown quantities in the two equations. 

The corresponding values of the co-ordinates may likewise 
be found in the third equation, 

y-/3=— (ar--). 

The geometrical construction ynl\ also correspond to these 
results. For, if we assume any point, as P', in one of the 
projections of the line, the two other projections, P and P^\ 
may easily be constructed. 

Scholium 3. Let us now consider the equations 

X=:(lZ + », yz=zhz + fii 

separately. 

The equation 

a? = a2f + «^ 

being independent of y, vrill be satisfied for every point of 
the plane passing through (7P^, and perpendicular to the 
co-ordinate plane ZX: hence, it may be regarded as the 
eqcntion of that plane. 
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In like manner, the equation 

y = 6z + ft 

being independent of x^ will be satisfied for every point in 
the plane passing through O^P'^ and perpendicular to the 
co-ordinate plane YZ: hence, it may be regarded as the 
equation of that plane. 
For similar reasons 

y-^ = — (a?-*), 

is the equation of a plane passing through CPj and perpen- 
dicular to the co-ordinate plane YX. 

Scholium 4« Let us now consider the conditions which 
would be imposed upon the straight line, by supposing 
a, by «, and ^, to become known in succession. 

When Of by «, and fiy are all undetermined, the equations 

a? = ar + «^ y=:bz + fiy 

may be made to represent every straight line which can be 
drawn in space, by attributing suitable lvalues to a, 6, «, and /i« 
And when a, by «, and ^, have given values, the equations 
will designate but a single straight line. 

If we suppose a to be given, the line may have any posi- 
tion in space, such that its projection on the co-ordinate plane 
ZX shall make an angle with Z, of whiefa the tangent is a. 

If we suppose « also to be given, the projection of the 
line on the co-ordinate plane ZX, will intersect the axis of X 
at a given point, and the two conditions will limit the line to 
a given plane. Ita position in the plane will still be entirely 
undetermined. 

If we now suppose & to be given, the direction of the line 
will then be determined, but it may stiU have a» indisfinato 
number of parallel positions in the given plane. 
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If, finally, we attribute a value to jS, the projection on the 
plane of YZ will intersect the axis of Y" at a given point ; 
and hence, the position of the line will become known. The 
letters • and ^ represent the co-ordinates of the points in 
which the line intersects the co-ordinate plane YX. 

The resolution of problems involving the straight line in 
space, consists in finding such values for the arbitrary con- 
stants a, 6, «, and p, as shall satisfy the required conditions. 

Scholium 5. Before, however, proceeding to the resolution 
of problems, it may be well to remark, that the same methods 
which have been adopted for determining straight lines in 
space, by means of the equations of their projections on two 
of the co-ordinate planes, are equally applicable to curves. 

If, for example, a curve be 
projected on the co-ordinate 
plane Z-X", the equation of 
the projection will contain 
the variables a? and z, and 
will be independent of y. 
The equation of the projec- 
tion will therefore be satisfied y/ 
for any point of the surface of the right cylinder which pro- 
jects the curve. 

If the curve be now projected on the co-ordinate plane 
YZy the equation of the projection will be independent of a?, 
and will therefore be satisfied for every point of the surface 
of the right cyUnder which projects the curve on YZ. 

The two equations together will determine two right cyUn- 
ders whose bases are the curves on the co-ordinate planes, 
and which, by their intersection, will determine the curve iii 
space. 

If z be eliminated from the two equations, we shall have 
the equation of the projection of the curve on the third co- 
ordinate plane. 
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PROPOSITION HL PROBLEM. 

7b fisyi the equatians of a straight line which shall pass 
through two given points. 

Lot a/, /, «/, and a/^ /', «/', be the co-ordinates of the 
grren points. 

The required equations will be of the fonn 

ap = az + «, (1) y = 52? + ft (2) 

in which it is required to find such values for a, «, 6, and ft 
as shall cause the right line to fulfil the required conditions. 

Since the straight line is to pass through a point of which 
the co-ordinates are a/, y', zf^ we shall have 

a/=a2/+-, (3) y=fe2/+/3; (4) 

and siace it is also to pass through a point of which the co- 
ordinates are a/'^ y'', xf'j we shall likewise have 

af'^axf'+^, (5) j/'^hzf'+fi. (6) 

The four last equations enable us to determine the four 
constants a, «, 6, /3. 

By subtracting the fifth equation from the third, and the 
sixth from the fourth^ we obtain 

af^a/'^'a{zf^zff) and if - y'' ^h{zf ^ sf'\ 

from which we find, 

hence, a and b are determined, and if their known values be 
substituted respectively in equations (3) and (4), or (5) and 
(6), the values of « and /3, will become known. 
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If we subtract the third equation from the first, and the 
fourth from the second, we shall have 

0? — a/ = a(z — 2/) y — y' = i(^ — ^'X 

which are the equations of a straight line passing through a 
given point. Substituting for a and 6 their known values, 
and we have ^ 

which are the equations of a straight line passing through 
the two given points. 

PROPOSITION IV. PROBLEM. 

To find the conditions which will cause a straight line to be 
parallel to a given straight line. 

Let 

a? = az + «, y = 62? + ft 

be the equations of the given line ; and 

x^clz-^n!, y — Vz-^-p!, 

die equations pf the required line. 

The two lines will be parallel in space when their projec- 
tions' on two of the co-ordinate planes are parallel (Des. 
Geom. Art. 30). The projections will be rendered parallel 
by making 

d r^.a and 6^ = i, 

hence, the equations of the required line will become 

x^az + tifj y=ibz + p^; 

and since 4/ aad f^ are yet vondetermined, there is an 
infinite number of lines which will fulfil the conditions. 
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If we make 

#/ = • and /i' = ft 

the two lines will coincide. 

PROPOSITION y. PROBLEBf. 

To find the angle indued between two lines given hy their 
equations^ in terms of the angles which the lines make with 
the co-ordinate axes. 



Let a? = a«4--», y:=^bz + p, 

be the equations of the first line, and » 

x^dz^-J^ y^Vz + fl, 

be the equations of the second. 

It has been observed (Geom. Bk. VI, Prop. VI, Sch.), that 
two straight lines which cross each other in space, may be 
regarded as forming an angle, although they do not lie in the 
same plane. They are supposed to make the same angle 
with each other as would be fonned by one of the lines, and 
a line drawn through any point of it and parallel to the other: 
pr as would be formed %y two lines drawn through the same 
point and respectively parallel to the given lii^es. 

If then, two lines be drawn 
through the origin of coordinates 
respectively parallel to the given 
lines, the angle which they form 
with each other will be equal to 
the required angle. 

The equation of these lin^s 
will be 




x:=:az. 



x^afzy 



y-hz, 
y^Vz, 



for the first,- 
for the seccHid. 
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Let us take on the first line any point as P and designate 
its co-ordinates by a/j %/j zfj and its distance from the origin 
by r'. Take, in Kke manner, on the second line any point 
as P'^ and designate its co-ordinates by a/', y, 2/', and its 
distance from the origin by r'', and let D denote the distance 
between the points. If we designate thp angle included be- 
tween the lines by F, we shall have, in the triangle APT" 
(Trig, Tk IV). 

<^osF= ^-p^ , 

and we have now only to find r', ^' and D. 

Let us designate the three angles which the first line forms 
with the co-ordinate axes respectively, by X, Y and Z, 
and the angles which the second Une forms with the same 
axes by X^ Y and Z' ; we shall then have (Prop. I, 
Sch. 4), 

xf =^f^ cos Xj y' = r' cos y, jz/ = r' cos Z, 

a/' = f^'cos J7, /' = f^'cos r, z'' = f^'cosZ- 

But the square of the distance between two points is 
(Prop. I), 

X)-=r(a/-a/7+(y-/7 + (^-«/0*, or, 

2)«=:ar'«+y'*+^*+a/'*+y'»+^'*-2(a/a/'+//'+^z'0 ; 

or by substituting for the co-ordinates of the points their dis- 
tances from the origin into the cosines of the angles which 
the lines make with the co-ordinate axes, we have, 

^"i —ar'r" (C0«JJc06X'+CX)BrC0By'-|-C06Z00BZ') J 

But it has been shown (Prop. I, Sch. 4), that, 
cos*X+ cos* r + co8«Z = 1, COS* JT-h cos* T+ cos* Z^= I, 
and hence, ^ 
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lP^r^+t"* — ar'r"(cotXeoBX'+coBYcoBV + coaZcoBZ'). 
If this Talue of D* be tubstituted in the equaticm, 

we shall find, after dividing by 2r^r^\ 

coe F = coa Xcoa -T + cos Fcos y + cos Zcoa Z\ 

that isy the cosine of the angle included between two lines is 
equal to the sum of the rectangles of the cosines of the angles 
which the lines in space form with the co-ordinate axes. 

Second Method. 
Haying found 

as in the first method, we may place it under the form 

JD« - f'* - f^'« + er'f'' cos 7 = 0. 

We next find the value of D*, as before, viz : 

l^_Jf^(cod»X+<x)^F+co8«Z)+r''«(coB*X'+co««F+co8^ZO> 
^~i •-*^r''(oo«icoBX'rfco«rco8F+coeZooefeO V 

Substituting this value of D^ in the last equation, it may 
be placed under the form 

i^{ooi^X+coa*r+coi^Z— l)+i^'«(coe«X'+cos"F+coe«Z'~l)) n 
- Sr'r'' (cob XcoflJJ'-hcosr COB F'+cofl Z coe Z'-^F) 5""* 

Now, since the angle V which the two lines make with 
each other, and the angles which they form with the co-ordi- 
nate axes, are entirely independent of the distances r' and r'', 
it follows, that the coefficients in the last equation will be in- 
dependent of the values which may be attributed to r' and r'^ 

But this equation will be true whatever values may be at- 
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tributed to r* and i^' : hence, the coefficients of the like 
powers of r' and r'^ must be separately equal to (Alg. 
Art. 208). 

This condition will give 

cos*X+ cos* y+ cos* Z = 1, cos* Jr+ cos* F+ cos^Z'= 1, 
and 'cos V = cos JCcos X + cos Fcos Y' + cos Z cos Z'. 

The first two equations prove the same property as was 
proved in (Prop. I, Sch. 4), and employed in the first part of 
this proposition. The third equation gives the same value for 
cos V as before found. 

The second method of determining the cosine of the angle 
included between the lines, affords a striking and elegant ap- 
plication of the method of indeterminate coefficients. 

Scholium 1 . Having found the cosine of the angle included 
between two lines in terms of the angles which they form 
with the co-ordinate axes in space, we shall, in the next place, 
find the same ralue in terms of the angles which the projec- 
tions of the lines on the co-ordinate planes ZJT, FZ, form 
with the axis of Z. 

The equations of the parallels 
through the origin, are 

• a? = c^Zf y = VZf 

Let us designate &e co-ordi- 
nates of the point P , on the first 
ime, by a/, y', zf^ we shall then have 

a/ = azf^ yf = fca/, 

and for the value of r', * 
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From these three equations we find, 
or" , W 



7f^- 



But we have already found (Prop. I, Sch. 4X 

« 
o/rsr'cos-X', y'rrir'cosy, zf =^r^ COgZr 

Substituting these yakies and dividing, we obtain 

a h \ 

cos Xs J ==» cos r^ ; -Y- t cosZ= 



If we reason in the same manner (m the equations of the 
second straight line^ we shall find 

^ V 1 

tOBX*wm—rz ^ C08F=--====, C6B Z' = — 7====- 

If these Talues be now substituted in the equation which 
gr?es the Talme of cos F, it will reduce toy 



The cos V will be plus isr minus, according as we take 
the signs of the radicals in tbt denominator, Hke or unlike. 

The plus value of cos V will correspond to the acute 
angle, and the minus value to the obtuse angle. 

Scholium 2. It is evident that the angle which a straight 
line forms with the axis of either of the co-ordinate planes, is 
the complement of the angle which the line forms with the 
plane itself. Hence, if we designate the angles which the 
first line forms with the co-ordinate planes^ respectively, by 
w, uf, u^\ we shall have 

a . J b . ,, I 

smti=— ;= , smir =—===, smv'=— ===i-. 

^l+o^+^a VT+i^+b^ VT+o*+ft* 
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Scholium 3. If in the equation 

cos V ^^ ■~~^^^^^=^^=^^~~-' -^^^^=^=^^^=^ 
^l + a^ + b^yTi + a'^ + l/^ ' 

we make F=90^, the cos V will become 0; and hiencc, 

which is the equation of condition by which two right lines 
are rendered perpendicular to each otjier in space. 

Scholium 4. If we make V = 0, the two straight lines 
will become parallel ; and the equation will become 

1 + aa^+bV 



±1 = 



•/ 1 + a« + fe« ^/l+a'^ + V* ' 



Squaring both members, clearing the equation of fractions, 
and reducing, we obtain 

(c/- ay + (y- by + (aV-. afbf = 0. 

Each term, in the first member of this equation, being a 
square, will be positive ; and hence, the equation can only be 
satisfied when the terms are separately equal to 0. These 
conditions give 

af=a, 6^=6, and akl^aib; 

but the third is a dependant condition, being a consequence 
of the first two. 

The first two conditions require, that the projections of the 
lines on each of the co-ordinate planes ZX^ YZ, be parallel 
to each other : and hence, they cause the lines to be parallel 
in space. These conditions are the same as determined in 
(Prop. IV). 

Scholium 5. Xf we suppose either of the lines, the second 

for example, to coincide in succession with each of the co- 

23* 

Digitized by VjOOQ IC 



» 



rtO ANALYTICAL GEOMETRY. 

ordinate axes, the angle V will, under eadi M^poMtion, 
become the angle which the first line forms with one of the 
axes. 

Let us suppose, in the first place, that the second Iine» oi 
which the equattons are 

is made to coincide with the axis of Z, of which the equa 
tions are 

x = 0, y = (^ ^ indeterminate. 

Introducing these values into the equations of the line» 
we hare 

end since z is indeterminate^ 

«'=0, and V— 0. 

If these Talues be substituted in the value of cos F, we 
shall have, 

cos y=:-7== — : = cos Z 

Let us now suppose the second line, whose equations can 
be put under the forms 

1 V 

to coincide with the axis of JT, of which the equations are 
«ssO, y = 0, 9 ind^t^minate* 

Introducing these values into the equation of the line, we 
find 

^ = 0, and ^ = 0. 
sr rf 
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The general value for the angle may be placed under the 
form 

z:^!t?L___ 

COS V= — , — — T - 

y/i+a»+V^\/-^+\-h^' 
hence, 

cos F= = = cos X. 

In a sunilar maimer we may find 

cos F= —7=== = cos Y. 
-/l + a» + fe« 

These values agree with those before found, and the sum 
of their square is equal to unity. 



PROPOSITION VI. PROBLEM. 

To find the conditions which will cause two straight lines 
to intersect in space, and to find the co-ordinates of their 
point of intersection. 

Let x = az +«, y=^hz +/s, 

and a? = </ir + «', y=:}/z + fit^ 

be the equations of the lines, in which we will at first sup- 
pose the arbitrary constants to be undetermined. 

If these lines intersect each other in space, they must have , 
one point in common,' and the co-ordinates of this point will 
satisfy the equations of both the lines. If we designate the 
co-ordinates of the common point by a/, y', z^, we shall have 
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Eliminating a! and jf baax. these equations, we find 

(a -«')«'+ •-i/=0, (6_y)2'+/»-/i'=0: 

and if x' be eliminated from the two last equations, we have 

(« _ a'K/l _ p^) _ (. _ «')(6 _ y) = 0, 

which is called the equation of condition^ since it must 
always be satisfied in order that the two straight lines may 
intersect each other. 

There are eight arbitrary constants entering into this equa- 
tion. It may therefore be satisfied in an infinite number of 
ways. Indeed* if values be attributed at pleasure to seven 
of the constants, such a value may, in general, be found for 
the remaining one as will satisfy the equation, and conse- 
quently cause the lines to intersect each other. 

Let us now consider the second part of the proposition, 
viz.: to find the co-ordinates of the point of intersection 
when the lines meet each other. We find from the previous 
equations 

These values of the co-ordinates of the point of intersec- 
tion become infinite when 

a =</ and b^V ; 

but these conditions cause the lines to become parallel to 
* each other, and hence, their point of intersection ought to be 
at an infinite distance from the origin of co-ordinates. 
If we have, at the same time, 

f/rs* and /8'=/», 

the co-ordinate of the point of intersection will become — » 
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Qt indeteiniinate ; as indeed they should do, since the two 
lines would then coincide throughout their whole extent 

Scholium 1. The condition of intersecticm 

(a _aO(/» -/»')- (—^)(6 - y) = 0, 

is independent of the condition . 

•l+aa'+6«/=0, 

which causes two straight lines to be perpendicular to each 
other in space. The second condition may, therefore, be 
satisfied independently of the first; and hence^ two straight 
lines may be perpendicular in space without intersecting. 

Scholium 2. The same principles may be readily em- 
ployed in determining the intersection of two curves given 
by their projections. 

Let 4z* — Sar + a?* — 2a?=— 4, (1) 

4z«-85r + y«-4y=-.7, (2) 

be the equations of one of the curves, and 

^«-.2«:-2a?=-3, (3) 

2:«-2;r-2y=-.5, (4) 

the equations of the other. 

If we combine the first and third equations by eliminating 
Zj the resulting equation will determine the abscissas of all 
the points common to the two curves ; and it may adso give 
values of x which do not correspond to points of inienectioa. 
To determine which of the roots correspond to points of in- 
tersection, let each be substituted, in succession, in equations 
(1) and (3), and those which give equal values of ir in the 
two equations, will correspond to the points in which thii pro- 
jections of the curves intersect each other, and the ordinate z 
of the points of intersection will thus become known. 
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Combine^ in a similar maimer, equations (2) and (4), and 
find the Talues of the oidinates z, in which the projections 
x>f the euryes on the plane of YZ intersect each other. 

Then compare the values of z found for the projections on 
the co-ordinate plane ZX with those found for the co-ordi- 
nate plane YZ^ and all the equal values will indicate the 
points at which the curves intersect in space. For, in order 
that two curves may intersect in spacej it is not only neces- 
sarjr that their projections intersect each other, but the 
corresponding points of intersection must lie in the 'same 
perpendicular to the conunon intersection of the two planes 
on which their projections are made : and hence, the ordi- 
nates o^ these points, estimated in parallels to this axis, must 
be the same for the four curves into which the given curves 
are projected. 

In eliminating z from 
equations (1) and (3), we 
find in the resulting equa- 
tion 

a?« + 6a? = 8, 

which gives 



and 



.= -3 --/It. 




We see, at once, that the negative root will not give real 
values for z in both equations ; and hence, it does not cor- 
respond to a point of intersection. The plus value being 
substituted, gives the same value for z in the two equations, 
and therefore corresponds to points of intersection. 

If we now combine equations (2) and (4), and eliminate z^ 
we shall find 

y=-2 + VT7, and y=-2--v/Tr, 
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in which the negative root is again to be rejected, and the 
positive root gives the same values for z in equations (2) 
and (4) as akeady found in equations (1) and 0). Hence^ 
the curves intersect each other in two points, of which die 
co-ordinates are 

= -3+VT7, y=:-.2+VT7, 2:=:l + y-8+2Vnr7, 
od 
«=-.3+V^, y=~2+Vr7, 2r=l~y-:84-2VTr. 

Scholium 3. There is yet another method of determining 
the points of intersection of two curves given by their projec- 
tions, and which, in a purely analytical sense is more elegant 
than the one just considered. It will, however, in its practical 
applications, generally be found more difficult. The metliod 
is this : 

If we eliminate x from equations (1) and (3), the result- 
ing equation will be expressed in terms of z loid constant 
quantities. If y be eliminated from equations (2) and (4), 
the resulting equation will, in hke manner, be expressed in 
terms of z and constants. 

If we now find the greatest common divisor of these two 
equations and place it equal to 0, the roots of the equation 
thus obtained will give all the values of Zy which will satisfy 
at the same time the four equations that represent the projec- 
tions of the given curves ; and it may, also, give other roots. 
Substitute these roots, in succession, in each of the four 
equations, and any root that vtrill give for x real and equal 
values in equations (1) and (3), and for y real and equal 
values in equations (2) and (4), will correspond to a point of 
intersection of the curves in space. 

The last method has' this advantage over the other. It 
explains the manner of causing two curves to intersect each 
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other when values can be assigned at pleasure to the asiritraiy 
constants which, determine^ their position in space. For, if 
the constants are undetermined such values may be attributed 
to them as i(hall not only giFC a conunon divisor in z, but aa 
willy also, cause the roots of that conunon divisor, when it is 
placed eqftal to 0, to fulfil the other conditions of intersection. 



Cfthe Plane. 

The equation of a plane is an equation eipressing the rela- 
tions between the co-ordinates of every point of the plane. 

PROPOSITION VIL PROBLEM. 

To find the equation of a plane. 

A line is said to^be perpendicular to a plane when it is 
perpendicular to every line passing through its foot and lying 
in the plane : and conversely the plane is said to be perpen- 
dicular to the line (Geom. Bk. VI, Def. 1). 

A plane may, therefore, be generated or described by 
drawing a line perpendicular to a given line, and then permit- 
ting the perpendicular to revolve about the point of intersec- 
tion. If the perpendicular be at right angles to the given line, 
in all its positions, it wiU describe a plane surface. 

Let a? = 02: + •> y = 62: + /8, 

be the equations of a given line. 

If we designate the co-ordinates of a particular p<Mnt by 
^9 }/f ^^ the equations of the line passing through this point 
will be, 
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Tha equations of a peipendiculax passing Ihrouj^ Uie given 
point, of which the co-(xclinate8 are a/, t/^ it/, fjce^ 

But the equation of condition which causes two lines to be 
at right angles is 

If we now s^tribute to a^ and 1/ all possible valu^ 
which will satisfy this equation, we shall hasre, in succesaioxi» 
all the perpendiculars which can be drawn to the given line 
through the given point of which the co-ordinates are a/, i/, jz/, 
and these perpendiculars determine the plane* 

It is necessary, however, to find the equati(»i of the plajae^ 
in terms of the co-ordinates of its different points* We find 
from the jequations of the perpendicular 

Substituting these values in the equation of ccmdition, 
and reducing, we fiiid 

but, since a, 6, 2/, a/, 1/, are kn(mn quantities, v^ Jtmf 
represent the constant part of the equation by a single letter» 
by making 

— «^ — aaf'-b^='^o; 

hmcGj the equation of the plane becomes 

z + aas + by ^c j=c*0. 

Scholium 1. Since ihe ciquaticm of the plane contains 
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three yariablps we may assign values at pleasure |o two of 
them, and the equation will then make known the value of thb 
third. For example, if we assign known values a/ and ify 
to X and y, the equation of the plane will give 

and hence the co-ordinate z becomes known. 

Scholium 2. The lines in which a plane intersects the 
co-ordinate planes, are called the traces of the plane. These 
traces are found by combining the equation of the plane with 
^ the equations of the co-ordinate planes. 
Thus, if Ih the equation 

z + ax + by^c^Of 

we make y = 0, which is the 
characteristic of the co-ordi- 
nate plane ZX, the resulting 
equation, 

z + ax — c^Oy 

will designate the trace CD conunon to the two planes. The 
equation may be placed under the form 

jT = — oa? + c ; 

and hence, the trace may be drawn. Or if we make, in 

succession, 

x=zOf and z = 0, 

we shall find 




z=zc = ADf and 



a 



and the trace may then be drawn through the points C and D 
W^ likewise find, for the trace BD, 

z=z^bi/+c: 
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and for the trace BC, 



a , c 



We also find AD = c by making y = in the equation 

of the trace fiD, and AB = — by making ip = in the 

equation of the trace BC, or by making jz: = in the equa^- 
tion of the trace BD. 

By comparing the equations of the traces with the equation 
in Bk. II, Prop. II, we see that, 

— a is the tangent of the angle which the trace CD 

makes with the axis of X: 

— fc, the tangent of the angle which the trace BD 

makes with the axis of Y: and 

— =-, the tangent of the angle which the trace BC 

makes with the axis of X, 

Scholium 3. The equations of the straight line, to which 
the plane has been drawn perpendicular, are 

X — a/= a{z — 2/), y — t/^b{z — zf). 

and the equations of the traces 
CD, BD may be placed un- 
der the form 

1 . c 1 . c 

a?= z+—, y= — 7-^+X- 

By comparing the coeffi- 
cient of Zf in the equation of 
the projection of the line on /IB 
the co-ordinate plane ZX, with the coefficient of 2: in the 
equation of the trace CD, we find that their product plus unity 
is equal to : heoee, the lines are &t right angles to each 
other. The same may be shown for the trace BD, and the 
projection on the plane YZ ; and also for the trace DC, and 
the projection on the plane YX. 
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This Yerifies a well known property, yiz.: If a line be 
perpendicular to a plane in space^ the projections of the line 
will be respectively perpendicular to its traces. 

SchoHum 4. The equation of a plane may be wiMea 
under the form 

Ax + By+Cz + D = 0, 

m which A, Bf Cj and D, are constant for the same plane, 
but hare different values when the equation represents dif- 
ferent planes. The coefficients Af B, and C, are functions 
of the angles which the traces of the plane form with the 
co-ordinate axes, and i) is* a function of the distances from 
the origin to the points in. which the plane cuts the co-ordi- 
Mle ai^es. If the plane passes through the origin of co-ordi- 
nates, its equation takes the form 

The plane whose equation is 

Ax + By + Cz + D = 0, 

may be readily constructed by finding its traces on the co- 
ordinate planes, which is done by making the variables a?, y, 
and z equal to in succession : we have for the trace CD^ 



A A' 
for the tntce BD, 

C D 

iot the trace EC 




A D 
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Scholium 5. If the plane 
is perpendicular to the plane 
YX, its trace CD^ will be 
parallel to the axis of Z : and 
hence, the tangent of the an- 
gle which it makes with Z 
will be : this will gwe 

and consequently C^O* 

Substituting this value in the equation of tlie plane, and 

it becomes . , 

Aa?+jBy + D = 0. 

If the plane be perpendicular to ZJT, we shall find, by 

similar reasoning, £ = 0, and the equation of the pl|uie 

will reduce to 

i4fl?+C«r + l> = 0. 

If we suppose the plipie to be perpendicular tp the plane 
yZ, we shall find A = 0, and the equation of the plane 
will become 

By + <3iP + l> = 0. 

PROPOSITION Vra. THEOREM. 

Every equation of the first degree^ between three variables^ 
is the equation of a plane. 

A plane in a surface, in which, if two pointa be aflsumfid at 
pl^iasiure, and connected by a atraigbt line, that line will lie 
wholly in the surface (6eom. Bk. I, Def* 6). If than, |l h« 
pgra^ that thia propeny belongs to the geometrical magni- 
tiido iiq[>ieaealed by ike geDeral equation of the first degrea 

Aj? + By+C?tr + D = 0, 

it will follow iksiX thai magnitude Sa a plana. 

S4* 
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Let ar=<Mr + ii, y = 6jr + /i, 

be the equations of a straight line, and suppose a/» }/^ zf^ to 
designate the co-ordinates of a point common to the line and 
surface. These co-ordinates will then satisfy the equations 
of the line and surface, and we shall have 

Also Aa/+ Bi/+ Czf+ D = 0. 

Eliminating a/, y^» from these three equations, and we 
obtain 

{Aa + Bb+ C)g/+A*+Bfi + D=zO, 

which is the equation of condition that establishes a common 
point between the line and given surface. 

If we suppose a/', y'', 2/', to designate the co-ordinates of 
a second point conunon to the line and surface, we shall find 

{Aa + Bb+C)z^'+Am + Bfi + D==0, 

for the equation of condition. 

Now, since these two equatiomi of condition are true, 
whatever be the values of a/ and «^, it follows (Alg. Art. 
208) that, 

Aa + Bb+C = 0, and Am + Bfi + D=:0; 

and these are the equations of condition which cause two 
points of the straight line to be common with the surface. 

Let us now take a third point of the straight line, and 
designate its co-ordinates by a/'^, y''', z^^\ 

If the co-ordinates a/'', y', 2/'', will satisfy the equation 
of the surface, this third point will also be on the surface 
But the equation of condition which will fix it in the surface, is 

{Aa + Bb+Qz^^'+Am + Bl^ + D^O; 
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and this equation will be satisfied for any value df z!"^ by 
virtue of the previous conditions. 

Hence, if a straight line have two points in common with 
the surface represented by the general equation of the first 
degree between three variables, it will coincide with the sur- 
face, and consequently that surface is a plane. 

PROPOSITION IX. PROBLEM. 

To find the equation of a plane which shall pass through 
three given points. 

Let a/,!/,z', ^', y", «", a/", /'', z"', 

be the co-ordinates of the given points. 

The equation of the plane will be of the form 

Ax + Bi/+Cz + D=:0, 

and it is required to find the values of A, B, and C, in terms 
of the co-ordinates of the given points. 

Since the plane must pass through the three points^ we 
shall have 

Aa/ +'Bt/ +02/ +D = 0, 

A^' + Bi/' + Cz'' +D = 0, 

Aa/''+ By'"+ C^''+ D = 0. 

and placing the equations under the form 
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A B C 

We can readily find the Yalues of —, — , and -jr in 

laou of the given co-ordinates. We* find 

A = A'A JB = B'A C=(7A 

in which A\ Bf^ (7, axe functiona of the co*ocdinatea of the 
given points. . 

Substituting these ralues in the equation of the plane, and 
dividing by D, we obtain 

for the equation of the plane passing through the three given 
points. 

Scholium. If one of the points be at the origin of co- 
ordinatesy the equation of the plane will take tb^ fonn 

A''a! + B''y+a'zz=0. 

PROPOSITION X PROBLEBl 

Tifjind the tquations cfthe intersection of two planes. 
Let Ax + 5y + C2r+i)=0, 

be the equations of the two planes. 

If the given planes intersect, the co-ordinates of their line 
of intersection will satisfy at the same time the eqwitiofis 
«f both planes. 

Combining the two equations, and eliminat^g z^ we obtain 

(AC- A'C)a? + (5Cy- B'C)y ^ (DCy ^ IXC) = ; 

which is the equation of the '^projection, on the plane of YX, 
of the line in which the planes intersect each other. 

We may find, in a similar manner, the equation of the pnh 
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jection of the intersection on the co-oidinate plane YZ^ and 
also on the co-ordinate plane ZX, 

Scholium. The method, which has just been explained, 
of determining the intersectiooi of two plaAee^, may be applied 
to any two surfaces whatever. For, the co-ordinates of the 
line <tf intersection, which is cormnsA to the two suxfacets 
will satiiiy,, at the same time, the equations of botli surfax^ea. 
Hence, if the equations be combined, under the supposition 
diat the co-ordinates are equal to each other, and one of the 
variables be eliminated, the. resulting equation will be lim 
equation of the projection of the intersection on one of the 
co-ordinate planes; and by eliminating each of the other 
variables in succession, the equations of the projections on 
the two other co-ordinate planes may be determined. 

PROPOSITION XI. PROBLEM. 

To find the conditions which will cause two planes to be 
parallel to each other. 

Let Ax-^By+Cz+D=:Oy A^x+B^y+Cyz+iy=:0. 

be the equations of the planes. 

If these planes are parallel to each other, their traces on 
the co-ordinate planes will be respectively parallel. 

We shall therefore have the following conditions (Prop. 
YH Sch. 4), 

A-£ i-^E A-i^ 

ca' c^a' B^B' 

in which we see, that either two of the conditions will gnro the 
third ; and hence, if the traces be parallel on two of the co-ordi- 
nate planes, they will necessarily be parallel cm the other, miless 
the planes were both parallel to the intersection of the co-ordi- 
nate planes, in which case, they might or might not be parallel. 
Scholium. The relations which enst betweea thfe eoefi- 
A, J3, C, A\ Bfy O^ when the two idanes ave pandlel 
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to each other, may be deduced from the equation (Prop. XX 
(A(7- A'C)x + (J?Cy- BC)y + {DO^ UC) = 0, 

of the mtersection of two planes. 

If this equation be satisfied, the two planes will intersect 
each other, for the projection of their intersection can be con- 
structed. If, however, this equation be not satisfied, that is, 
if it be rendered untrue, the projection of the intersection can- 
not exist : in this case the planes cannot intersect, and there- 
fore they must be parallel. 

If now, we make 

AC-A'C = 0, and 5(7-JB'C = 0, 

the first two terms will reduce to ; but these suppositions 
do not necessarily reduce the absolute term, DO— UC to : 
hence, they will render the equation untrue, and therefore will 
cause the planes to be parallel. 
We deduce from these equations of condition, 

CO' c^a' 

the same conditions as before found. 

PROPOSITION Xn. PROBLEM. 

T6jind the conditions which will cause a straight line to be 
parallel to a plane. 

Let x=:az + m^ yz=ibz + fi^ 

be the equations of the line, and 

Ax + By + Cz + D = 0, 

the equation of the plane. 
If a parallel line and a parallel plane be drawn through 
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the origin of co-ordinates, their equations will be 
x = az, y = bZf 
and Ax + By.+ Cz=zO. 

Now, if the first line be parallel to the first plane, the line 
through the origin of co-ordinates will coincide with the plane 
through the origin: and conversely, the condition which 
causes the line and plane drawn through the origin to coin- 
cide, will cause the first line and plane to be parallel to each 
other. 

But the line and plane drawn through the origin will coin- 
cide (Prop. VIII) when 

Aa + Bb+C=iO; 

hence, this condition will cause the line and plane to be par- 
allel to each other. 

Scholium. This condition may also be deduced by sup- 
posing the line to intersect the plane. 

For, if we suppose the line to pierce the plane, the co- 
ordinates of the common point will satisfy the equations of 
the line and plane. Combining them, and eliminating x and 
y, we find 

A* + Bfi + D 

Aa + Bb+C 
But if we make 

Aa + Bb + C=zO, 

the value of z will be infinite, and if the co-ordinates of the 
point of intersection are infinite, the line will be parallel to 
the plane. 
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PROPOSITION Xm. FROBLEBL 



T6jind the candUians which wM eauie a straight Kae to he 
perpendicular to a plane. 

IM »=^ag + ^ f = hz + ^ 

be the equations of the Ime, and 

Aa? + JJy+C2f + D = 0, 

be tfaeequatkm of the plaM. 
The equation of th^ trace 
CD is 

Ax+Cz + D-0, 

C D 

The equation of the trace 
BD is 



But since the projections of the line must be respectively 
perpendicular to the traces of Ae plane (Prop. VII, Sch. 3), 
we shall have 




ax-'j + l-Oj 



6x--g^ + l=:0, 



wUdi gives 



A^icC, and B^hC^ 

and these are the required conditions. 
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PROPOSITION XIV. PROBLEM. 

To draw from a given point a line perpendicular to a given 
plane^ and to find the length of the perpendicular. 

Let (P, P) be the given 
point, of which the co-ordi- 
nates are a/y j/^ ssf^ and let 

Ax + By+Cz-[-D = 0, 

be the equation of the given 
plane. 

The equations of a line 
passing through the given point are, 

a? — a/=a(;2r— jT^), y ^'i/z=.h{z — zf). 

If vfQ make 

Uz^AaZ+By'+Czf+D, 

the equation of the given plane may be placed under the form 

A(a?-a/) + J5(y-y)+C(z-y) + iy=0. 

If we now suppose the line to intersect the plane, the co- 
ordinates of the common point, which we will designate by 
^^ j/\ ^^ "^^^ satisfy the equations of the line and plane, 
and by combining them, we shall have. 



z''-gf=. 


Ao + Bi+C 


af'—af— . 


aiy 




Aa + J56+C' 


m" i/— . 


biy 


y y — 


Aa + Bh-^C- 




26 
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But the conditions which cause the line to be peipendicu- 
lar to the plane, give 

a = -, and b = -. 
Substituting these Talues, and we obtain 

ciy 



z"-z'= 



Aiy 

But the distance between the two points, of which the 
co-ordinates are a/', y", z", and a/, y', xf, is, 

and if we designate this distance by P, we have 
or by Hubstituting for ZK its known value, 



P = 



Aa/+Bi/+Cz^+D 
VA^' + B^+C* 



Scholium, If the given point falls on the plane, its co- ' 
ordinates a/, y', zf^ will satisfy the equation of the plane. 
Under this supposition the numerator in the value of P will 
reduce to ; and hence, P will become 0, as it should do 
when the point falls on the plane. 
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PBOPOSmON XV. PROBLEM. 

To find the angle included between two planes. 
Let Aa? + 5y + C« + D = 0, 

and A'a? + 5'y+(7;2r + iy=0, 

be the equations of the two planes. 

From any point in space draw two lines, respectively per- 
pendicular to the given planes. The angle included between 
one of these lines, and the prolongation of the other, will be 
equal to the angle included between the planes. 

The equations of the two perpendiculars will be of the 
form 

But if these lines are respectively perpendicular to the 
planes, we shall have 

Az=zaC, B = bC, Alicia, B^VO. 

If we now designate the angle included between the lines, 
which is the same as that included between the planes, by F, 
we shall have (Prop. V, Sch. 1), 

^r l + aa'+fcy 

cos r *"* r I — • 

if we substitute for a, 6, a!^ 2/, their values, we have 



cosF = ± 



-/A- + B« + C«-/A'» + 5'*+(7»' 



Scholium 1. The sign + or — may be attributed to 
the radicals in the denominator, and hence, the value of 
cos V may be either positive or negative. The positive 
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ralue will correspond to the acute, and the negative value to 
the obtuse angle. 

Scholium 2. The value of cos V is independent of D 
and ly. Indeed, it ought not to depend upon them, since 
the distances cut off from the co-ordinate axes may be varied 
at pleasure, without affecting the inclinaticMQ of the planes. 

Scholium 3. If the two planes are perpendicular to each 
other, we shall have cos F = 0, and 

Scholium 4. If we now suppose one of the planes, the 
second for example, to coincide in succession with each of 
the co-ordinate planes, the corresponding values of V will 
express the angles which the first plane makes with the co- 
ordinate planes, respectively. 

If we suppose the second plane to coincide with the co- 
ordinate plane YX^ of which the characteristic is 2: = 0, the 
equation of the plane will reduce to 

and since this equation is true for all values of x and y, we 
have 

A'=0, and B=zO. 

If we desigifate by V the angle formed by the planes, we 

shall have 

. C 



cos F^= 



^/W+B'+(?' 



If we designate by V and V the angles which the 
first plane forms with the co-ordinate planes ZX, YZ, we 
shall find 

B ,„n A 



COS 



F'= — 3 COS V^'= - 



V^« + jB«+C«' ^/WVb^ + o 
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If we square the three values of cos F', cos V" cos, V", 
and* add, we find 

cos2F+ cos^F'^ cos*F"'= 1 ; 

that is, the sum of the squares of the cosines of the three 
angles which a plane forms with the three co-ordinate planes, 
is equal to radius square or unity. 

Scholium 5. If we now suppose the first plane to coin* 
cide, in succession, with each of the co-ordinate planes, and. 
designate by Z/, U\ U^\ the angles formed by the second 
plane, with the co-ordinate planes, we shall find 

TV C' ■ ^, B' 

COS tr = , , r.ns 1/^^ = 

COS Wf= -===£_=. 
If in the equation 

COS r ""' . 

we substitute the values of A, B, C, A', 5', C, whicjbrmay 
be found from the foregoing equations, we shall find i 

' cos V =* cos V cosU'+ cos V^ cos IF^+coa W^ cos U'\ 

which last equation expresses the cosine of the angle included 
between two planes, in terms of the angles which the planes ' 
form with the co-ordinate planes. 

PROPOSITION XVI. PROBLEM. 
To find the angle included between a straight line and plane. 

Let x^az-^-t^^ yz=bz + fif 

be the equations of the line, and 

Ax + By+Cz+D:=:0^ 

the equation of the plane. 

26* 
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The angle included between a line and plane, is repre- 
■eated by the angle included between the line and its projec- 
tion on the plane. If, therefore, from any point of the giiren 
line a perpendicular be drawn to the plane, the angle which 
it forms with the giren line will be the complement of the 
required angle. 

Let x^alz^ti, y:=iV%^^\ 

be the equations of the perpendicular.. The cosine of the 

angle which it forms with the given line is expressed (Prop. 

V,Sch. l)by 

1 + g g^ + 6y 

But since the second line is perpendicular to the plane, 
we have 

C C 

Substituting these values, and representing the angle sought 
by F, we obtain 

sm F = . — j====r . 

yi + at + fct-/C» + J?« + A« 

Scholium. If we suppose the line to become parallel to 
the plane, we shall have F = 0, and consequently sin F= : 
and hence^ 

the same condition as before found. 



Exampks an the last Book. 

1. What is the distance between two points, of which the 
co-9idinates are 

Ans. 11.18. 
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2. The equations of the projections of a straight line oa 
the co-ordinate planes ZXy YZ, are 

required its equation on the plane YX. 

Ans. 2y = a? — 6. 

3. Required the equations of the three projections of a 
straight line which passes through the two points whose 
co-ordinates are, 

af=2, y^=h 2/=0, and a/^= - 3, j/'=0, ;2/'= - 1. ^ 
Ans. a? = 5^ + 2, i/=:z+ly 5y = a? + 3. 

• 4. Required the angle included between two lines, whose 
equations are 

""^ ; = ,^+l|ofthe2d. 

Ans. 14<>58^ 

5. Required the angles which a straight line makes with 
the co-ordinate axes, its equations being 

a?=— 22: + l, 

y= z + B. 

c 1440 44' with X, 

Ans. < 650 64' with F, 

( 650 64' with Z. 

6. Haying gi?en the equations of two straight lines. 
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requiied the value of ji' so that the lines shall intersect each 
other, and to find the co-oidinates of the point of inteisectioiL. 

lzf= 4. 

7. To find the equations of a line that shall pass through a 
pointy of which the co-ordinates are a/= — 2, y^= 3, 2/= 5, 
and be perpendicular to the plane, of which the equation is 

2a? + 8y — z — 4 = 0. 

Ans 5^=-2z + 8, 

8. To find the equation of a plane which shall pass through 
the three points, whose co-ordinates are 

a/rzl, ^=-2, 2^=2; a/'=0, /'=4, ^^^'=-^5; 

Ans. 9a?+ 1 9y + 1 Sjz: — 1 = 0. 

9. To find the equations of the intersection of two planes, 
of which the equations are 

3a?-|-8y-.10z + 6 = 0, of the 1st, 

and 4-r— 8y + ar +1=0, of the 2d. 

Ans i 7^-92r + 7 = 0, 
'^^^' <66y-43z + 21 = 0. 

10. To find the traces of a plane whose equation is 

a?-9y+llizr-12 = 0. 

1 1. To find the length of a line drawn from a point, whose 
co-ordinates are d/=2, y'^^-S, «/=0, and perpendicular 
to a plane whose equation is 

8« + 9y-2: + 2 = 0. 

Ans, "" 
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12. To find the angle included between two planes, whose 
equations are 

6a?— 7y + 3^ + l = 0, of the 1st, 

and 2x+ i/^Sz =0, of the 2d. 

Ans. lOQo 08^ 

13. To find the angle which the plane, whose equation is 

6a? — 7y + 3;2:+l=0, 

makes with the co-ordinate planes. 

r 70° 46^ with the plane JTY, 

Ans. < 140^ 12' with the plane ZX, 

i 660 43' with the plane YZ. 



Transformation of Co-ordinates in Space. 

The transformation of co-ordinates in space, consists in 
'finding the relations which exist between the co-ordinates of 
a series of points referred to two diflferent systems of co- 
ordinate planes. We shall find, that in space, as well as in 
the plane (Bk. II, Prop. XIV, Sch. 2), the primitive co-ordi- 
nates of any point are expressed in terms of the new co- 
ordinates of the same point, the directions of the new axes, 
and the co-ordinates of the new origin. 



PROPOSITION XVn. PR0BLEB4. 

To find the formulas for passing from a system of co- 
ordinate planes at right angles to each other^ to a new 
system of co-ordinate planes. 
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Let (P, P^) be any point in 
•pace, of which the co-ordi- 
nates are 

AD=^x, PD=y, FD^z. 

Through the origin A draw 
three new axes, AJT, AY\ 
AZ'. Through the point 
(P, P), draw a line parallel F^ 
to the new axis of Z\ and tlirough Q, the point in which the 
parallel pierces the plane XY^ draw QP^' parallel to the 
axis Y. Thenwill AP^'=a/, QF'=y', FQ = z', bethe 
co-ordinates of the point (P, P^), referred to the new system 
of co-ordinate planes. 

Through the three points, P'^ Q, P^, let.' three planes be 
passed parallel to the plane YX. It is now evident that the 
distance from the coordinate plane YX to the first parallel 
plane will be the projection of AP^' or of on the axis of Z ; 
the distance between the first and second planes, the projec- 
tion of }/ on the axis of Z, and the distance between the 
second and third, the projection of z! on the axis of Z. It 
is also plain, that the sum of the three distances will be 
equal to the co-ordinate z of the point (P, P'), referred to 
the primitire system of co-ordinates. 

If we de^gnate by Z, Z^, Z^^ the three angles which the 
new axes -S7, y, Z', make respectively with the primitive 
axis of Z, we shall have 

« = a/cosZ+ y'cosZ'+z'cosZ''. 

If we designate by JT, -T, X' the three angles which the 
new axes make, respectively, with the primitive axis of JT, and 
by y, y, y', the three angles which the new axes make, 
respectively, with the primitive axis of Y, we may find, by a 
course of reasoning entirely similar to the above, 
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a? = a/ cos Jf + y cos Jr+ 2/ cos X' \ 

y = a/ cos y + y^ cos F+ ^ cos F' > (1). 

2r = a/ cos Z + / cos Z' + 2/ cos Z^' ) 

Scholium 1. If we suppose, at the same time, the origin 
to be changed, and designate the co-ordinates of the new 
origin by a, 6, c, the equations will become 

a: = a + a/ cos X+j/ cos X •\'Zl cos -XJ^', 
y = 6 + a/ cos y + / cos F + ^ cos F^ 
z=zc + a/ cosZ + t/ cosZ^+s/ cos Z'*. 

Scholium 2. If the new axes are parallel to the primitive 
axes, the equations for transformation will become 

a? = a + a/, y = 64-y^, z=^c + z^. 

Scholium 3. We may consider each of the new axes as 
forming three angles with the primitive axes of Jf, Y, and Z ; 
and since these axes are at right angles to each other, we 
shall have (Prop. I, Sch. 4), 

• cos'X + cos«y + cos'Z =1 ) 

cos'JJ' + cos«y + cos»Z' =1 } (2). 
cos«Jr'+ cos»F'+ cos«Z^^=l 3 

Scholium 4. The angles which the new axes form with 
each other are yet undetermined. Let us designate by 

V the angle formed by X and F, 
U the angle formed by F and Z', 
W the angle formed by Z' and X. 

Since the angles which the new axes form with the primitive 
axes have already been designated, we shall have (Prop. V), 

cos y = cos X cqbX + cos Y cos F + cos Z cos Z' 1 
cos U=: COS JTcos JF'+ cos Fcos F'+ cos Z'cos Z'' > (3). 
cos W = cos X cos JP'+ cos y cos F'+ cos Z cos Z^' ) 
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ScJudium 5. In passing from one system of co-oidinate 
planes to another we introduce the angles which each new 
axis makes with the primitive axes. The formulas for trans- 
formation will therefore contain nine arbitrary constants, and 
if the origin be changed at the same time, they will contain 
twelve. 

Now, if the angles which the new axes make with the 
primitive axes are known, the coefficients of a/, t/, 2!, in 
equations (1), will be known, and the angles which the new 
axes form with each other may be found firom equations (3). 

If, however, the new axes are to be so chosen as to fulfil 
particular conditions, these conditions will be expressed by 
assigning suitable values to the co-ordinates of the new origin 
and the angles which the new axes form with the primitive. 
Suppose, for example, it were required that the new axes 
should be at right angles to each other : we should then have 

cos F = 0, cos 17= 0, cos W= 0, 

and consequently 

cos F= cos JC cos JF + cos y cos F + cos Z cos Z' = 0, 
cos 17= cos X cos X'+ cos Y' cos F'+ cos Z' cos Z''= 0, 

cos W= cos X cos X'+ cos Y cos F'+ cos Z cos Z''= 0. 

Z 
Scholium 6. Let us sup- 
pose it were required that the 
new axes JF, F, should fall 
in the primitive co-ordinate 
plane YXy and that the new 
axis of Z^ should coincide 
with the primitive axis of Z. 
These conditions will give y/ y/ 

ZAZ'=0, Zi4JF=90o, ZilF=90o, 
t;^=90o, and W=90O; 
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and hence, cos Z''= 1, cos Jr'= 0, cos F'= : 

also, cos I7=:0j and cos W=0. 

These values being substituted in the two last of equations 
(3), they become 

cos Z'=0, cos Z=0. 

If these several values be substituted in equations (2)i 
they become 

cos»X+ cos«y = 1, cos«JS7+ cos«F=l ; 

and consequently we have 

cos Y = sin Xy and cos Y^= sin JP. 

If these values be substituted in equations (1), they become 

x=:a/ cos X+j/ cos X^, y^a/sinX+f/sin X!, 

which are the formulas for passing from rectangular to 
oblique co-ordinates (Bk, II, Prop. XI). 



Of Polar Co-ordinates in Space. 

z 

Let (P, P') be any point in 

space« and (AP, wiP^) a line pass- 
ing through it and the origin of 
co-ordinates. This line is called 
a radiiLS'Vector. 

Let us designate the radius- 
vector by r, and its projection 
AP, on the co-ordinate plane YXy by /. Let us also desig- 
nate the angle which the radius-vector forms with the co- 
ordinate plane YX by u, and the angle which its projection 
AP forms with the axis of X by v. We shall then have 

4? = / cos v, y = / sin v, 2r = r sin tf ; 




also, 



r'=r cos ti; 
S6 
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hence, we have 

« = rco8VC08iiy y^zrmnvcoBU, ir = r8inii; 

these formulas may be applied to eveiy point in space by 
attributing suitable yalues to r, v» and tL 
Li the equations 

of a straight line passing through the origin of co-ordinates, 
a and 6 represent the tangents of the angles, which the pro* 
jections on the co-ordinate planes ZX and YZ, form with 
the axis of Z, and the values of the tangents are expressed by 

— =sa and -2L = i. 

z z 

If we divide the first and second of the last equations by 
the third, we shall obtain 

X cost; costi . y Binv cos u ^ 



z sinu z smu 

cost; cos u , sin t; cos u 

hence, a = : 9 o = — : , 

smti smu 

and therefore the values of a and b may be found when the 
values of 1; and u are known. 
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Qf Surfaces of the Second Order. 

1. The equation of a surface is an equation expressing the 
relation between the co-ordinates of every point of the^ 
surface. 

It has been shown (Bk. II, Prop. II), that every equation 
of the first degree between two variables, represents a 
straight line ; and in (Bk. VII), that every equation of the 
second degree between two variables represents a curve. 

It has also been shovm (Bk. VIII, Prop. VIII), that every 
equation of the first degree between three variables represents 
a plane, and analogy would lead us to infer what will here- 
after be rigorously proved, viz : that every equation of the 
second degree between three variables represents a curved 
surface. > 

2. Surfaces, like lines, are classed according to the degree 
of their equations. The plane, whose equation is of the first ' 
degree, is a surface of the first order, and every surface 
whose equation is of the second degree, is a surface of the 
second order. 

3. The equation of a surface is its analytical representa- 
tion, and although the equation determines the surface, yet it 
does not readily present to the mind its form, its dimensions, 
and its limits. To enable us to conceive of these, we intersect 
the surface by a system of planes, parallel, for example, to 
the co-ordinate planes. If then, we combine the equations of 
these planes with the equation of the surface, the resulting 
equations vnll represent the curves in which the planes 
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intersect the surface. These curves will show the fonDy the 
dimensions, and the limits of the surface. 
4. To giro a single example let us take the equation 

«' + y* + «* = lI'. 

Let us intersect the surface re* 
presented by this equation by a 
plane parallel to YX^ and at a dis- 
tance from It equal to c. The 
equations of the plane will be 



2:= ±c. 



Combining this with the equation 
of the surface, and we shall have 



./ 




a^ + y» = 7J«-C», 

which is the equation of the projection of the intersection on 
the co-ordinate plane YX (Bk. VIII, Prop. II, Sch. 6), 
This equation represents the circumference of a circle whose 
centre is the origin of co-ordinates and radius ^R^ — c*. 
The radius will be real for all values of c less than /{, 
wk^er c be plus or minus. It is nothing when c is equal 
to R, and imaginary when c is greater than R. Thus, in 
the first case, the intersection will be the circumference of a 
circle, in the second case it will be a point, and in the third it 
will be an imaginary curve ; or in other words, the plane will 
not intersect the surface. 

Since the proposed equation is symmetrical with respect to 
the three variables a?, y, and z, we may obtain similar results 
by intersecting the surface by planes parallel to the co-ordi* 
nate planes YZ and ZX. The co-ordinate planes int^- 
sect the surface in circles whose equations are 

«» + y« = li*, a^ + z« = iJ*, y* + z^=zRK 
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These results indicate that the surface whose equation is 
a^ + y" + ^* = /J*, 

is the surface of a sphere ; but in order to prove it rigorously, 
it would be necessary to show that every secant plane would ' 
intersect the surface in the circumference of a circle. 

Of the Surface of the Sphere. 

5. The general equation of the surface of a sphere will 
express the condition, that every point of the surface is 
equally distant from the centre, 

6. Let us designate the co-ordinates of a fixed point by a/, 
y^, zf^ and the co-ordinates of a point whose position may be 
changed at pleasure, by ^, y, and z. If it be required that 
the second point shall be at a given distance from the first, 
and if we designate that distance by U, we shall have (Bk. 
VIII, Prop. I), 

which is the general equation of the surface of a sphere, and 
in which, a/, y^, a/^ are the co-ordinates of the centre, and 
J7, y, and z^ the general co-ordinates of the surface. 

7. If the centre be placed at the origin of co-ordinates, the 
equation will reduce to 

8. Let it be now required to pass a plane tangent to a 
sphere at a given point of the surface. 

Let a/', j/\ zf'y be the co-ordinates of the given point, and 

the equation of the surface. 
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Since the point of tangency is on the surface, we shall 
have 

which may be placed under the form 

The equation of a plane passing through the point whose 
co-ordinates are a/', y"j J\ is 

^(x-a/0 + 5(y^yO+C(2r-;^'0 = 0. (2) 

If we now draw a line through the centre of the sphere 
and the point of contact, its equation will be of the form (Bk. 
Vm, Prop. IIIX 

But if the plane is tangent to the sphere the radius will he 
perpendicular to it at the point of contact (Ge(wa. Bk. YIII, 
Prop. VIII) : hence, we have (Bk. VIII, Prop. XIII), 

A-aC and B = bC, 
thai is, 

Substituting these values in the equation of the plane (2), 
and dividing by C, we obtain 

(«''-:r')(ar-a/0+(/'^/)(y^y'0+(^'-^X^-^0=0,(3) 

which is the equation o( a plane perpendicular to a Une 
passing through the points whose co-ordinates are 

^, /, ;^, ^', /', ^'. 

But that one of these points may be the centre of a sphere 
and the other lie upon its surface, it will be necessary to 
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combine the last equation with equation (1). Adding these 
ciquations, we obtain 

which is the equation of the tangent plane. 

9. If the centre of the sphere be placed at the origin of co- 
ordinates, we shall have 

af' = 0, y=;=0, and ai' — O, 

aod the equation of the tangent plane will become 

Of Cylindrical Surfaces. 

. 10. A cylindrical surface may be generated or described 
by a straight line moving on a fixed curve and continuing 
parallel to itself in all its positions. The moving hne is 
called the generatrix^ and the fixed curve the directrix of the 
surface. 

11. If the directrix be a curve of single curvature, let its 
plane be taken for one of the co-ordinate planes. 

Let us suppose, for example, that the co-ordinate plane 
YX contains the directrix. The equation of the directrix 
will then be expressed in terms of the variables x and y and 
constant quantities. When the directrix is a known curve, 
the equation expressing the relations between x and y will 
be known. 

12. In order to obtain the general equation of a cylindrical 
surfSsice, that is, an equation which may be applied to a cylin- 
der having any plane curve for its directrix, we place the 
equation of the directrix under the form 

F{x,y)^0, (1) 
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which is read, function of x, y, equal to ; and the exprea- 
aion implies that x and y are dependent on each other, and 
may be made to represent the co-ordinates of any curve. 
The equation of the generatrix wiU be of the form 

« = 02: + «, yz=zbz + fi, 

from which we shall have 

mszx — az, and l^^y — bz. (2) 

Now, since the generatrix continues parallel to itself, 
a and 6 will have the same values for every position which 
it assumes : but the values of • and fi will continually 
change as the generating line moves around the directrix. 

But since • and fi are the co-ordinates of the points in 
which the generatrix pierces the co-ordinate plane YX^ 
(Bk. VIII, Prop. II, Sch. 4), and since these points must 
also lie on the directrix of the surface, the values of • and /9, 
in equations (2), being substituted for x and y, in equation 
(1), must satisfy that equation. Making these substitutions 
we have 

F(x^€uSj y^bz) = 0, 

and this is the general equation of the surface of a cylinder. 

13. To apply this general equation to a particular case, let 
,ae suppose the directrix to be a circle having its centre at the 
origin of co-ordinates, and let us also ^ 

suppose the generatrix of the surface 
to be oblique to the co-ordinate plane 
YX. 

The equation of the directrix, which 
is of the form Y> 

jF{ar,y) = 0, 
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will become^ by designating the radius by r^ 

F{<p,y) = a/' + y^-r^-0. 

Substituting for x and y in this equation, the values of 
M and ft we have 

{(K^azy + iy^bzy^t^y 

which is the equation of the surface of an oblique cylinder 
with a circular base. 

14. If the base of the cylinder be an ellipse, of which 
the equation is 

we shall have 

Fix, y) = AY + B V ^ A*^ zz 0. 

And the equation of the surface will become 

A»(y - bzY + 5*(a? - azy = i4«B«, 

which is the equation of a cylindrical surface having an 
elliptical base. 

15. If the generatrix becomes perpendicular to the c^ 
ordinate plane YX, we shall have 

a = 0, and 6 = 0, 

the axis of the cylinder will then 'c<Hncide with the axis of Zs 
and the equation of the surface will become 

a;» + y« = r*, 

for the circular base, and 

AY + B^a^ = A^B^f 

for the elliptical base. 
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These last equations are the same as those for the carres- 
pqndifig directrices ; but there is this difference, that for the 
equations of the directrices we have the further condition of 

while in the equations of the surfaces z may have any yalne 
whatever ; which shows, that every section of the surface by 
a plane parallel to the co-ordinate plane YX^ is equal to the 
directrix. 



EquoHan of the Surface of the Cone. — Of the 
Sections of the Cone. 

16. A conical surface is that which may be described by 
the movement of a straight line constantly passing through a 
fixed point in space, and touching a given curve. 

The fixed point is called the vertex of the cone ; the curve, 
the directrix, and the moving line, the generatrix of the 
surface. 

If the generatrix be prolonged in both directions, there will 
be two parts of the surface of which the vertex will be a 
common point : each of these parts is called a nappe of the 
cone\ 

17. Suppose the directrix to be placed in the co-ordinate 
plane YJT, and to be represented by the equation 

F(ap,y) = 0. 

Let us designate the co-ordinates of the fixed point, through 
which the generatrix is to pass, by a/, y^, a/ : the equations 
of the generatrix will then be of the form 

X''a/^a{Z'-zf\ y--y=6(2: — a/), (1) 
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from which we have 

a? = az + (a/— a^/), y = 62: + (/— 62/), (2) 

The terms {a/'-azf) and {i/—hzf)j of equations (2), are 
the co-ordinates of the points in which the generatrix pierces 
the co-ordinate plane YX : hence, the equation of the surface 
will become 

F{ci/-^az',t/-bzf)=zQ, (4) 

in which a and 6 are constants for one position of the genera- 
trix, but Yary as the generatrix passes from one position to 
another. 

If it be required to find the equation of the surface in terms 
of the co-ordinates of its different points, we must substitute 
in the last equation, the values of a and h foimd in equations 
(3) : the equation of the surface then becomes 

18. K it be required to find the equation of the surface of 
a right cone with an elliptical base, and whose axis shall co« 
incide with the axis of Z, we shall have, for the equation of 
the directrix, ' 

We shall also have 

a/=0, ^=0, /=c, 

in which c designates the distance from the origin of co- 
ordinates to the vertex of the cone. These values being 
substituted in equation (5), we obtain 
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Substituting these values for x and y in the eqaadon of tfa« 
directrix, and we h*Te 

<r 
which is the equation of a right cone with an elliptical base. 

19. If it were required to find the equation of an obliqiM 
cone with a circular base, the centre of the circle being at the 
origin of co-ordinates, the equation of the directrix would be 

^ + y« = f«. 

Substituting for x and y the yalues 

a/z — xzf xfz^yTf 
z-^xf ' z^z! ' 

which correspond to them in equation (5), and we shall obtain 

which is the equation of an oblique cone with a circular base. 

20. The oblique cone, whose equation has just been found, 
will become a right cone with a circular base, if the vertex be 
placed on the axis of Z ; we shall theft have 

a/=:0, y=0, z^^c; 

and hence, the last equation will become 

which is the equation of a right cone widi a circular base. 
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If we make 



AB=:r, 




and designate the angle ABC^ 
which the generatrix makes with 
the co-ordinate plane YX, by v, 
we shall have 



tangt; = — , 



and the equation of the surface will become 
(y^ + a?«)tang«t; = (2r-c)«, 

21. Let the surface of this cone 
be now intersected by a plane 
passing through the axis of Y, and 
consequently perpendicular to the 
co-ordinate plane ZX; and desig- 
nate by u the angle DAX, which 
the secant plane makes with the 
co-ordinate plane YX. The equa- 
tion of this plane will be the same 
as that of its trace AD (Bk. VIII, 
Prop. II, Sch. 3) : that is, 

z = x tang u. 

If we combine this equation with the equation of the 

surface, and eliminate z, we shall obtain the equation of the 

projection of the curve of intersection on the co-ordinate plane 

YX, It is, however, better to discuss the curve in its own 

plane, and for this purpose we will refer it to the two axes, 

XY, AD, which are in the plane of the curve, and at right 

angles to each other. 

If we designate the co-ordinates of any point referred to 

27 
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these axes, the one for example which is projeeted al J^ by 
^$ y'y we shall have 

AC^x^xf cos ti, BC zzzz^aif miu; 

and since the axis of Y is not changed. 

If we substitute these values in the equation of the surface 
of the cone, we shall obtain for the equation of the intersec- 
tion, after reducing, 

y'* tang*v + a/* cos*ti (tang*t; — tang*t4) + 2ca/ sin u = c* ; 

or omitting the accents, 

y* tangH; + s^ cosH/ (tang*t; — tang^w) + %cx sin « = c*. 

Since this equation is of the second degree, every curve 
of intersection will belong to one of three classes (Bk. VII, 
Art. 10), which are characterized by 

^-4AC<0, ^-4i4C = 0, ^-4AC>0. 

By comparing the equation of the curve of intersection 
with the general equation of the second degree, we find 

5 = 0, A = tang*t;, C = cos'u(tang*t; — tai^^i). 

Now we shall have 

-4AC<0, 

nAen A and C have the same sign; and since tang*t; and 
008^ are positive, A and C will have the same sign when 

fang t) > tang », 

or ti < v ; 

and when this is the case, the curve of intersectioh ttffi be 
to effipse. 
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W^ «hc^ll aJlso have 



JS«-4AC = 0, 



when tang v = tang u, or when « = t/, in which case the 
curve of intersection will be a parabolsu 

If taxigu > tang v, A asid C will have different sig^s, and 
the curve of intersection will be an hyperbola. 

22. In order to obtain the forms and classes of the curves 
which result from the ti]btersection of the cone and plaBa^ it 
might, at first, seem necessary to cause the angle u to vigry 
from to 360^. But since the surface of the cone is syi^L- 
metrical with respect to its axis, it is plain that all the varie- 
ties will be obtained by varying u from to 90^. 

23. Let us then resume the equation of intersection, 

y* tang'r + oc^ cos^u^taxig^v— tang^w) + 2ca? sin « = c*, 
and begin the discussion of it by supposing 

tt = 0, 

which will cause the secant plane 
to coincide with the co-ordinate 
plane YX The equation of the 
curve will then become 



a^ + i/* = 



tamg^v 



hence, the curve is the circumfer- 
ence of a circle, of which A is the 

c 




centre, and AD equal to 



tang.t; 



the radius. 



84. If we now suppose u to increase, the curve of inter- 
section will be an ellipse ^o long as u<,v: that is, if a rig^ 
^om with a circular hose be intersected by a plam moJkmg 
with the base of the cone an angle less th^n ^ iimgU 
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formed by the element and base, all the elements of the same 
nappe will be intersected, and the curve of i,Uersectian wiU 
be an ellipse. 

25. When u becomes equ&I to v, 
the cutting plane becomes parallel to 
an element of the cone : hence, if a 
right cone with a circular base be in^ 
tersected by a plane parallel to one of 
the elements, the curve of intersection 
will be a parabola. 

26. When u becomes greater 
than V, the cutting plane will in- 
tersect both nappes of the cone : 
hence, if a right cone with a cir- 
cular base be intersected by a 
plane making with the base of 
the cone an angle greater than 
the angle formed by the element 
and base, both nappes of the cone 
will be intersected, and the curve 
of intersection will be an hyperbola. 




Of the Surfaces of Revolution. 

27. Every surface which can be generated by the revolution 
of a line about a fixed axis, is called a surface of revolution. 

The revolving line is called the generatrix ; and the line 
about which it revolves is called the axis of the surface, or 
the axis of revolution. The section made by a plane passing 
through the axis, is called a meridian section, or a meridian 
curve when the surface is of double curvature. 
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28. It is plain, from the definition of a surface of revolu- 
tion, that every point of the generatrix will describe the 
circumference of a circle, the centre of Virhich is in the axis 
of revolution, 

29. If the generating curve be of single curvature, we may 
assume its plane for one of the co-ordinate planes ; and if the 
axis about which it is revolved be a straight line^ one of the 
co-ordinate axes may be taken to coincide with this line. 

30. Let DC be any curve in 
the co-ordinate plane ZX^ and let 
it be revolved around the axis of 
Z: it is required to determine 
the equation of the surface which 
it will describe. 

If we designate the abscissa 
of any point of the generatrix, as D, by r, and the ordinate 
by z, the equation of the generaU'ix may be written under 
the form 

r = Fiz): 

the value of, r in terms of z and constants, may always be 
found when the equation of the generatrix is known. 

We have now to express, analytically, the conditions which 
will cause any point of the generatrix, as D, to describe the 
circumference of a circle around the axis of Z. To do this, 
we have only to consider, that the circumference described 
by any point of the generatrix, as D, will be projected on the 
co-ordinate plane YX into an equal circumference. If the 
co-ordinates of the points of this circumference be designated 
by X and y, we shall have 




• = -/^?T 



y*, 



If we now suppose r to take all possible values which 

27* 
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will ntisfy the equation 

and combine the two equations, we shall obtain 

F{z) = Va^ + t/', 
which is the equation of the surface of revolution. 

31. As a first example, let it be required to determine the 
equation of the surface described by the revolution of a 
straight line which intersects the axis of Z at a given point. 

If we designate the co-ordinates of the given pcnnt by 

a/ = 0, y' = 0, a/ = c, 

the equation of a line in the co-ordinate plane ZJT, passing 
through this point will be 

and hence the equation of the generatrix will be 

r=za{z^c\ 

and this equation shows the value of r in terms of z, or the 
^ value of F{z). Substituting this value in the general equa- 
tion of the surface, asd we obtain 

a«(z-c)» = a?« + y*, 

or, a'« + y' = a*(«-c)«, 

which is the equation of the surface described by the straight 
line. This surface is that of a right cone with a circular 
base, and its equation is the same as that found in (Art. 20), 
iince the angle formed by the element and axis is the com- 
plement of the angle formed by the element and base ; and 
hencoi 

tangt;= — . 
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If the vertex be placed at the origin af co-ordinates, we 
shall have c=zO, and the equation of the surface will become 

a?« + y« = &«. 

32. If it be required to find the equation of the surface of a 
sphere, of which the centre shall be at the origin of co-ordi- 
nates, the equation of the generatrix will be 

f* + z* = R\ 

or, r = Vie»-z«, 

Substituting this value in the general equation (Art. 30), 
and we obtain 

x* + y* + z*=zR^y 

for the equation of the surface of the sphere. 

33. The surface described by the revolution of an ellipse 
about either axis, is called an ellipsoid of revolution. It is 
also sometimes called a spheroid. It is called a prolate 
spheroid when the ellipse is revolved about the transverse 
axis, and an oblate spheroid^ when it is revolved about the 
conjugate axis. 

34. Let it be now required to find the equation of the sur- 
face of a prolate spheroid. If the transverse axis of the 
ellipse coincides with the axis of Z, the equation of the 
generatrix will be of the form 



hence, r=y ^^ . 

Substitatiiig this value in the general equation of the 8u»> 
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iace of reyolution, and we obtain 

which is the equation of the surface of a prolate spheroid. 

35. We should find, by a similar process the equation of 
the surface of the oblate spheroid, to be 

A«z« + B*(a:«+y«) = A«B*. 

If in either of these equations we make A = JB, we shall 
obtain 

^ + y» + «* = iJ«, 

the equation of the surface of a sphere. 

36. The surface described by the revolution of a hyper- 
• bola about its transverse axis, is called a hyperboloid of revo- 
lution of two nappes. 

The surface described by the revolution of a hyperbola 
about its conjugate axis, is called a hyperboloid of revolution 
of one nappe. 

37. The equation of the hyperbola referred to its centre 
and axes, is 

A«y«-5«a?«=-A»B*, 

and by revolving the curves about the transverse axis, we 
find 

B«z»-A«(a^ + y») = A«5«, 

for the equation of the smface described ; and by revolving 
around the conjugate axis, the equation of the surface will be 

A^^ - B«(a?« + y*) = - A»B«. 

If the asymptotes revolve around the transverse axis, they 
will describe the surface of a cone with two nappes. The 
surface of this cone will approach the surfaces of the nappes 
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of the hyperboloid, and will become tangent to them at an 
infinite distance from the centre. 

38. If a parabola be revolved aromid its principal axis, the 
surface described is called a paraboloid of revolution. The 
equation of the generatrix being of the form 

r* = 2pZf 

the equation of the surface will be 

a:* + y* = 2pz. 

39. If the generatrix does not coincide with the co-ordi- 
nate plane of ZXy its equations will be of the form 

x^F(z), (1) 
!, = Piz). (2) 

If the generatrix be revolved around the axis of Z, every 
point of it will describe the circumference of a circle of 
which the centre will be in the axis. 

If we designate by r the radius of the circumference de- 
scribed by any point, and by c the corresponding value of z, 
we shall have 

z=zc, (3) a?« + y« = r«. (4) 

But since the point is on the generatrix, every value 2:= c, 
hiust satisfy, at the same time, equations (1) and (2). If, 
therefore, the four equations be combined, the resulting equa- 
tion will be the equation of the surface. 

40. If it be required to find the surface described by a 
straight line revolving around the axis of Z, the equations of 
the generatrix will be 

a? = a2r + «, y=zbz + fij 

and the equations of tho circumference described by any 
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point of tho line wiU be 

« = c, a* + y« = K 

But evQry value of c must satisfy the two first equations ; 

hence, 

x = ac + »9 y = bc + ^. 

and therefore, 

{ac+^y+{bc+fiy^f*. 

Substituting for c and r their general values, and we 
obtain for the equation of the surface 

{az + *y + {bz + liy = a^ + t/». 

41. If we assume, as we are at liberty to do, the axis of 
X perpendicular both to the axis of revolution and the 
generatrix, the generatrix will then be parallel to the co- 
^inate pUne of YZ, and its equation will become 

d? = •, y = fer, 

and we shall also have 

a = 0, * ;= 0. 

Substituting these values of a and /I in the equation -of 
the surface, Jbiefore found, and it becomes 

which is the equation of a hyperboloid of revelation of one 
nappe (Art. 57). 

Discmsion of the General Equation of the Second 
Ikgrf^ hetfveen three Variables. 

42. The general equation of the second degree, will be of 
the form 
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If now, we change the direction of the co-ordinate axes 
without remoYing the origin^ we shall have the formulas (Bk. 
VIII, Prop, XVII. 

y=za/ cos Y + i/ cos T+ z! cos Y'\ 
z^a/cosZ + y^ cos Z^+ zl cos Z'. 

If these values of the variables be substituted in equation 
(1) it will take the form 

A'z'^ + By« + CxT" + D'zy + E'z V + F3/V4. .«'V+ JB'Y+ O'V+L'^O, 

in which the coefficients are functions of the angles 

If it be required that the new co-ordinate axes shall be at 
right angles to each other, we shall have (Bk. VIII, Prop. 
XVII, Sch. 5), 

cos JC cos JT + cos Y cos Y' 4- cos Z cos Z^ = 0, 
cos X cos X'-^ cos Y cos Y''+ cos Z cos Z" ^ 0, 
cos JT'cos X'+ cos Y'cos Y^^+ cos ZcosZ" = 0. 

But we also have, 

cos'Z +cos«Y -hcos'Z =1, 
cos^JT + cos'^Y' -I- cos*Z^ =1, 
cos»J7^4- cos«F^+ cos«Z''=l. 

The last six equations, are equations of condition between 
the nine angles which the new axes form with the primitive. 
But since there are nine arbitrary constants, three additional 
equations of condition may be established. We may, there- 
fere, make in the transformed equation 

iy = o, £' = 0, 1^ = 0. 

If it be required to find the values of these coefficients in 
tonus of the an^es, it may be observed that the terms of the 
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general equation which contain the first powers of the varia- 
bles, will contain no part of the coefficients IX, E\ P. 
Without effecting the entire operations, we may readily form 
the coefficients, which bdng placed equal to 0, give the fol- 
lowing equations, 



2 A cos Z cos Z' + jD(cob Z cos F + cos y cos Z'} 
+ 25 cos y cos F + £{cos Z cos JT + cos Xcos Z' 
+ 2 C cos Jf cos J!7 + F(cos y cos J!7 + cos Zcos F 



2A cos Zcos Z"+ D(co8 Zcos F' + cos ycos Z'^) 
+2i? cos ycos F'+ JE(co8 Zcos X!^+ cos Xcos Z'O 
+2C cos JTcos J7'+ F(cos ycos X^+ cos ^cos T 



2Aco8Z'cosZ''+ Z)(cos Z'cos F'+cos Fcos Z'^O 
+2jBcos Fcos F'+ £(cosZ^co8J!7'+cosJrcosZ'"" 
+2Cco« J7cos J7'+ l^{cos Fcos J7'+ cos Z' cos F 



> =0, 
"0> =0, 
'^0> =0. 



These three equations together with the six before estab- 
lished, will enable us to determine the nine angles which 
the new co-ordinate axes form with the primitive. 

Introducing the conditions 

iy=0, E'=0, F=0, 

into the transformed equation, and omitting the accents, it 
takes the form 

A«« + 5y* + Ca:« + A';y + Fy+C'a? + L = 0; (2) 

and since the above transformalions are always possible, 
the last equation is as general as equation (1) from which it 
"was derived. 

43. Let us now transfer the origin of co-ordinates without 
changing the direction of the axes. For this, we have the 
formulas 

Substituting these values of the variables in the last equa- 
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tion, and placing the known terms equal to P, that is, making 

and omitting t^he accents, we obtain 
Az* + By'' + Ca^^2Ac\z + 2Bb\i/ + 2Ca x + P = 0. 

+ A' \ +B' \ +a 

Since there are three arbitrary constants, a, 6, c, intro- 
duced into the equation, such values may be attributed to 
them as to render 

2Ac + A'=0, 2Bb + B^=0, 2Ca+(7=0, 

from which we obtain 

A' . B' a 

c= -r-rt 0-=. --=r, a = 



2A' 2B' 2C' 

These values will be real and finite, and consequently the 
transformation possible, when neither A, 5, nor C is 0: 
that is, when the second peters of the three variables enter 
into the transformed equation (2). The equation will then 
take the form 

A2?* + fiy* + Ca?* + P = 0. 

44. Let us now suppose that the coefficient of the* second 
power of one of the variables, that of x for example, should 
become equal to 0. We shall then have C = 0, and equa- 
tion (2) will take the form 

A;r« + fiy« + A^z + fi'y+(7a? + i = 0. (3) 

If we again transfer the origin of co-ordinates, without 
changing the direction of the axes, we shall have the formulas 

x-=.a'\'X^ y==b + ]f, z^c + z^ 

in which we have omitted the accentSA 

28 
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These Talue« being substituted in equation (3), and die 
coefficients ci the first powers of z and y placed equal to 
0, gires 

2Ac + A'=0 and 2JB6 + ^=0. 

But these two equations introduce but two conditions, and 
since there are three arbitrary constants, another condition 
may yet be introduced. Let us therefore make the known 
terms, which we before represented by P, equal to 0. This 
will give 

Ac' + Bb^ + A'c + Rb + aa + L = 0. 

Hence, we have, 

A' . R {Ac'±Bb*±Afc+m+L) 

^=-2l' *=-^ ^= a * 

and these values will be real and finite, unless C^= 0, and 
the equation will take the form 

. A^* + By*+Cx=zO. 

45. If we hare, at the same time, C = 0,- and (7= 0, the 
last transformation would be impossible, and equation (2) 
would take the form 

As^ + By^ + A'z + B^y + L^O. 

Since this equation contains but two variables, and is true 
foK all values of x, it is the equation of a cylindrical surface, 
whose rectilinear elements are parallel to the axis of X, or 
perpendicular to the co-ordinate plane YZ (Art. 15.). The 
base of the cylinder is an ellipse when the coefficients A and 
S bave like signs, and an hyperbola when they have contrary 
signs. 

46. If the coefficients ^{ two of the tenhs involving the 
second powers of the variables shouki became «qual to ; 
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that is, if we haye at the same time 

B^O, C = 0| 

equation (2) would recUice to 

As^ + A^z + Ry + aaf+L:zzO. 

It will not be necessary to transfer the origin of co-oidi- 
nates in order to determine the form of the surface repe- 
sented by this equation. For, if we intersect the surface by 
a series of planes parallel to the co-ordinate plane YXy ib/^ix 
equations will be 

zz=Cy z=i(/, z = (/\ &c. &c,; 

and if these equations be combined with that of the surface, 
the resulting equations will represent the lines of intersection. 
Combining the equations, we find 

iry^aa^ = L\ B'yVOoi^U', B'y-^ax=zV'f, dec, 

which represent the projections of the linejs of intersectioii on 
the co-ordinate plane FX 

But these are ^e equations of parallel straight lines ; 
hence, the surface is cylindrical, and the rectiUnear elements 
parallel to the co-prdinate plane YX. 

To find the trace of the surface on the co-ordinate plane 
ZJT, make y = 0, and we have for the equation of intersection 

Ai^ + A^z-^Cx + L-O^ 

which is the equation of a parabola. 

The intersection with the co-ordinate plane ZY, may be 
found by maldng a7 = 0« The curve of intersection is a 
parabola whose equation is 

il«» + A^2r + ^y + i = a 
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The surface, therefore, represented by the equation 

it a cylindrical surface with a parabolic base. 

47. Since the general equation of the second degrb« be- 
tween three yariables is symmetrical with respect to the 
three co-ordinate axes, all the results which are deduced by 
suppositions made on the coefficients of either variable, would 
be equally true if made on the coefficients of either of the 
others. 

48. We therefore see, that the equation of every surface 
of the second degree will belong to one or the other of the 
three following classes : 

First Class. 

Mz^ + Ntf^ + Lx' + P^O. 

Second Class. 

Third Class. 

Mz* +Mz + N'y + Vx + D^O. 

The equations of the third class have already been dis- 
cussed. They have been found to represent the surfaces of 
cylinders having for bases an ellipse, an hyperbola, or a 
parabola. We have then only to consider the equations of 
the first and second classes. 

The first of these equations containing only the squares of the 
variables and an absolute term, the form of the equation will 
not be altered by changing +a?, +y, +;r, into —a?, — y, — z; 
and hence, every straight line drawn through the origin of 
co-ordinates, and terminated by the surface, will be bisected 
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at the origin. The origin of co-ordinates is, dierefore, called 
the centre of the surface^ 

49. A plane which bisects a system of chords drawn par- 
allel to each other, and terminated by the surface, is called a 
central plane, and the surface is said to be symmetrical with 
respect to this plane. 

If the equation of the first class of surfaces be resolved with 
respect to each of the variables in succession, we shall find 
for every value of either, a corresponding equal value with a 
contrary sign: hence, each of the co-ordinate planes will 
bisect all chords drawn parallel to its axis and terminated by 
the surface. Hence also, each of the co-ordinate planes is a 
central plane : the intersection of either two is a diameter of 
the surface, and the point at which the three intersect, is the 
centre. 

60. The surfaces ^hich are comprised in the second class 
have no centres, since they are symmetrical only with respect 
to two of the co-ordinate planes, Z-Y, FX The first and 
second classes of surfaces are distinguished from each other 
by this striking characteristic, every sutfaoe cf the first class 
has a centre, while not one of the second class enjoys this 
property. 

Discussum of the First Class of Surfaces represented 
by the Equation. 

Mz* + Ny* + La^ + P = 0. 

51. It 19 plain, that e^ery ^puliation of tha lifns which can 
be made among the coefficients of the variables, yfSl be 
embraced in one of the three following cases : 

1st. When the coefficients (/ the veBruMes are eM ftm^ 
m^ P plus or mm^s. 
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2d. When two of the coefficients are pJus^ one minuSf and 
T pbu. 

9d. When tu>o of the coefficients are plus^ one minus, and 
P minus. 

For, if all the coefficients are negatire, change the sign of 
erery term of the equation. We shall thus render all the 
eoeflkients positive, and the sign of P will be plus or minus. 
Again, if two of the coefl^cients are negative and one positive, 
we may, in like manner, change the signs of all the terms, 
which will render two positive aad one negative, and the sign 
of P will still be plus or minus. These three cases will 
give rise to three species of surfaces of the first. 

First species, when M, N, and L are positive, 

52. Let us first suppose P negative. The equation vrill 
then take the form < 

Afe« + iVy« + I^ = P. 

Let the surface be now intersected by three planes, respec- 
tively parallel to the co-ordinate planes. The equations of 
the secant planes will be 

x = a, 

y = 6. 

Combining these equations with that of the surface, there 
letults, 

for « = a M^ + Ny^ = P^La\ 

y^h Msf+Ls^^P^Nlf, 

« ir = c Ny'+La^=P--M<^; 



I which we see that the curves of intersection by planes 
poallel to the co-ordinate planes, are ellipses, whidi become 



Digitized by VjOOQIC 



BOOK IX. 331 

imaginary when 

''>T' '■>F> «•>» 

that is, when a, by c, are either positive or negaitive, and 
numerically greater than 

The ellipses will reduce to a point when 

since the intersections will then reduce to 

which can only be satisfied for the values 

a? = 0, y = 0, z=:0. 

The surface, therefore, which we are now considering, is 
limited in every direction, since it is inscribed in the paral* 
lelopipedon, of which the equations of the faces are 



This surface is called an ellipsoid. 

53. To determine the curves in which the surface is inter- 
sected by the co-ordinate planes, and which are called the 
principal sections of the surface, it is only necessary to 
combine the equations of the planes vrith the equation of the 
surface. 

Far 



« = 0, 


Afo* + iVy» = P, 


y=o, 


Mz*+Lx» = P, 


«=o, 


Ny*+La» = P. 
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And for the points at which the surface cuts the three 
axes, we obtaxa 

Z»a^ = P, whence x = </—-j 



«=o, 

The lines 



« = 0, 
z = 0. 



B'JB 



-n/? 






££^=24/4, 



y = 



Z=: 






are called the principal 
axes of the ellipsoid.' If 
we introduce them into 
the equation of the sur- ' 
face, we shall have the 
equation of the ellipsoid 
referred to its centre and 
axes. I*et us make 




2A = 2^/J, 
firom which we have 



2B = 2 



N' 



2C = 2\/-r^; 



At 



Nn=. 



B» ' 



C* 



Substituting these values in the equation of the sur&ce, 
tad we obtain 



Particutar cases. 

54. Let us now suppose that the coefficients of either two 
of the variables. become equal to each <i^ba, for example, 
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N=:L: this will giye A=:B, smd the equation of the sur- 
face will become 

AV + A*C^y^ + A^'Cx' = A^C*; 

or dividing by A\ we have 

A V + Cy* + (?a:» = A«C», . 

an equation which may be put under the fonn 

y* + ^ = -^(C«-««), or y* + x» = F{z), 

which is the equations of a surface of revolution, the axis 
coinciding with the axis of Z (Art. 30). 
If we make z = const = c, we shall have 

a^ +1/^ = 0, constant ; 

which proves that every section, made by -a plane perpen- 
dicular to the axis of Z, is a circle. 

If we make, in succession, y = 0, and a? = 0, in the equa- 
tion of the surface, we shall obtain 

A V + O'x'' = il«C», A V + J5«y« = A*B^; 

which are the equations of the intersections of the surface 
by the co-ordinate planes ZX, and ZY. 

If we make M=N, or M=L, the surface vrill become 
a surface of revolution, the axis coinciding in the first casts 
with the axis of X, and in the second with, the axis of Y. 

66. If we suppose M=N=zL^ we shall have A^B=zC, 
and the equation of the surface will reduce to 

s^ + i/* + a^=^A\ 

which is the equation of a spherical surface, of which the 
centre is at the origin of co-ordinates (Art. 7). 
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66. ThuB £uv 10 the discuBsioD, we have sapposed tlie 
absolute term P to be finite and negatiye. Let ui novr 
suppose^ in the first place^ that P=0; and secondly, that 
P is positive. 

The first supposition reduces' the general equation to 

which can only be satisfied by the ralues 

and hence, this supposition reduces the surface to a, point. 

Under the second supposition, the equation of the surface 
takes the form 

Jtfe« + JVy« + I^ + P = 0, 
• 

in which all the terms are positive. Hence, the equation 
cannot be satisfied for real values of the variables ; and there- 
fore the surface becomes imaginary. 

Hence we conclude, that the ellipsoid, represented by the 
equation 

, Jlfo« + J\ry« + L^ + P = 0, 

has four varieties, viz : 

1st. The ellipsoid of revolution. 
2d. The sffcere. 
, 3d. The point. 
4th. The .imaginary surface. 

Second species^ in wMch M and N are positive^ L negatwe^ 
and P positive. 

67. These suppositions will reduce the general equation 
to the form 

3fe« + JVy«-I^=-P. 
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If we now intersect the surface by planes, respectively 
parallel to the co-ordinate planes, we shall hav^ 

for a? = a, Mz^ + Ny^^La^-^P, (1) 

<< y = 6, M;j«^La^=-(iNri» + P), (2) 

z=c, iVy*- jto« = -(Mc» + P). (3) 

Equations (2) and (3) indicate that all sections made in 
the surface by planes parallel to the co-ordinate planes ZX 
and YX are hyperbolas, having their transverse axea par- 
allel to the axis of X. 

Equation ( 1 ) repre- 
sents an ellipse. The \ j). 
curve will be real when nK 




and imaginary when 
If, therefore, we make 



CB= + U^ 



and CA 



= -n/|. 



we see that the curve will be imaginary for alfplanes passing 
between the points A and .B, and real for all planes which 
are passed at a greater distance from the origin, either on the 
positive or negative side of abscissas. The secticms on dif- 
ferent sides of the origin, and equally distant from it, are 
equal to each other. We therefore conclude, that the surface 
is composed of two opposite and equal branches ; and since 
the sections in two directions are hyperbolas, the surface is 
called, an hyperboloid-of two nappes. * 

The principal sections are obtained ))y making, in succes- 
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•ion, x = 0, y = 0, 2 = 0: they are 

M3^-La*=-P, 
Ny*-Lx* = -P. 

The first section is an imaginary cunre ; the two othen 
ate the hyperbolas MBAf, mAm' ; NBN', nAnl, of which 
AB is a common transTerse aiis. 

We find for the axes of the surface 



2A=2^. 2fi>r=T=2^/^ ^Cyr=\=%^J^; 



from which we obtain 



Substituting these yalues in the equation of the surface, 
it becomes 

The line AB, which is represented by 2 A, is called the 
transverse axis of the surface ; and EE', Dl/f which are 
represented by 2BV — I, and 2CV— 1, are called conju- 
gate axes. The transverse axis is real, and the conjugate 
axes are both imaginary. 



TKrd species, in which M and N are positive, L negcOioe, 
and P negative. 

58. Under these suppositions^ the equation of the surface 
will take the form 

- M«« + JVy«-La?«=+P. 
Intersecting the surface by planes, respectively parallel to 
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the co-ordinate planes, we obtain, 

for a? = a, Mz« + iVy« = Lo« + P, (1) 

y = 6, J»fe«-.La?«=-JV6« + P, (2) 
;r = c, Ny^--Laf' = --Mc^ + P. (3) 

The first equation represents an ellipse which is always 
real, whatever be the value of a. The two others represent 
hyperbolas, in which the transverse axes will be parallel to 
the axes of X when 

P P 

The transverse axis of the curve represented by equation 

P 

(2), will be parallel to the axis of Z when i* <-Tt > and the 

transverse axis in equation (3), will be parallel to the axis of 

p 

Y when c* < -r^ • 
M 

59. We shall obtain the principal sections of the surface, 
by making a = 0, 6 = 0, c = 0, which gives, 

The ellipse BFCy represented by the first equation, is the 
smallest ellipse which can be obtained by intersecting the 
surface by a plane parallel to the plane YZ, 

The two other sections are 
hyperbolas. The transverse axis, 
CC, of the one coincides with 
the axis of Z; and JBJB', the 
transverse axis of the other, coin- 
cides with the axis of Y. The 
conjugate axes coincide with the 
axis of Xy and are both imaginary. 
' We find for the axes of the 
hyperbolas 
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itAyT^i^i^, 25=2^. 2C=2^; 

SubstitutiDg these ralues, and the equation of the surface 
reduces to 

The surface represented by this equation, is called the 
hyperboloid of one nappe. 

Particular cases of the Hyperholoids. 

60. If in the general equation we make M=N, which 
gives C=:Bf the equations of the surfaces become 

A V + Ay - B^x' = - A*B*, ' 
AV + AY ^8*0^= + A«B« ; 
which gives «* + y* = F(a?): 

hence, the two surfaces become surfaces of revoluticm, of 
which X is the axis. 

61. If we make P = 0, the general equation will become 

The intersections of this surface by the co-ordinate planes, 
will be, 

f(wr « = 0, we have y = 0, « = 0, 

hence, the surface is conical, the vertex being at the ongin 
of iCO-ordinates. 
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Therefore, the surface* represented by the equation 

are, 

1st, The hyperbolo\d of two nappes. 

2d. The h)rperboloid of one nappe. 

.These surfaces have two varieties, viz : the hyperboloids 
of revolution, and the conical surface. 

Second Class of Surfaces in which 

Mz' + Ny^' + Vx^O. 

62. The surfaces of this class are divided into two species, 

1st. When M and N have like signs. 
5Jd. When M and N have unlike signs. 
If M and N have like signs, they may both be rendered 
positive, in which case V will be plus or minus. 

First species^ in which M and N are both positive. 

63. Let us suppose, in the first place, that V is negative. 
The equation will then take the form 

Mz' + Ny^^^Vx 

If we intersect the surface by planes parallel to the co* 
ordinate planes, we shall have 

for a? = a, Mz^ + Ny'^ = L\ 

y = b, Mz^=L'x^NV, 

•* z = c^ Ny^^L'x^Mi^. 
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The first is the equation of an 
eUipse, which is always real when 
a is positive, which reduces to a 
point when a = 0, and becomes 
imaginary when a is negative. 
Hence, the surface extends in- 
definitely in the direction of the 
positive abscissas, and is limited 
in the opposite direction by the co-ordinate plane YZ. 

The two other sections are parabolas whose principal axes 
are parallel to the axis of X, and extend indefinitely in the 
direction of the positive abscissas. 

If we make 6 = 0, c = 0, the equations of the parabolas 
become 




z* = — 0?. 

M ' 






This surface is caUed an elliptical paraboloid. 

64. If we suppose L' to be positive, the equation of the 
surface will be of the form 

If, in this equation, we change x into — x, it will become 

the same equation as before discussed, excepting that sc is 
now negative where it was before positive. 

The surface represented by the last equation will, there- 
fore extend indefinitely in the direction of x negative, and be 
limited in the other direction by the co-ordinate plane YZ, 

66. If we suppose M=N, the equation of the surface 
will become 



^ + y»: 



M 



x=zF{x), 
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which is the equation of a paraboloid of revolution, of which 
X is the axis (Art. 38). 

Second species, in wMch M is positive and N negative. 
66. Under this supposition, the equation becomes 

It will only be necessary to consider the case in which V 
is negative; for if V were positive, the term may always 
be made negative by changing x into -^a?, which merely 
changes the position of the surface with respect to the origin 
of co-ordinates, without affecting its properties* 

If we suppose i' negative, the equation becomes 

If the surface be now intersected by planeyi parallel tP the 
co-oidinate planes, we shall have, 

for a? = a, JIfe* — iVy* = L\ 

y = b, Mz^^nx + Nh\ 

« « = C iVy»=-i'a? + 3fc«. 

The two last equations represent parabolas, of which the 
principal axes are parallel to the axis of X. The axis of the 
first extends in the direction of the positive abscissas, and 
that of the second in ihe direction of the negative abscissas. 
The parameters are ^ and -^. 

' The first equatioa represents an hyperbola of which ^ 
tnmsverse axis is parallel to the axis of Z when a is poiitiTe, 
and parallel to the axis of Y when a i^ negative. 
29* 
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The two pnrincip%L sections, by 
the co-ordinate planes YXy ZX^ ^ 
are the two parabolas, BAJB^, OAC, 
of which the equations are 

The equation of the sections by 
the plane YZ, is 

Mz* — Ny* = 0, hence 




'^'^ysf^'' 



the sections, therefore, are two straight lines which intersect 
each other at the origin. 

If we designate the ordinate of either line by y', we have 

and subtracting this from the equation of intersection by a 
plane parallel to YZ^ we shall have 

L'a 



!/-y=- 



hence, the straight lines whose equations are 



^=^yvl^ 



are asymptotes of the projections on the plane YZ of all 
intersectioni^ by planes parallel to the co-ordinate plane YZ. 
Hence, if two planes be drawn through the axis of X, and 
these lines respectively, they will contain the surface, and 
become tangent to it at an infinite distance. They will 
therefore have the same relation to the surface which .recti- 
lineal asymptotes bear to the curves, to which they con- 
tinually approach. 
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The sections of this surface being Ijyperbolas and para- 
bolas, it is called an hyperbolic-paraboloid. 

67. We conclude from the preceding discussion, that the 
general equation of the second degree represents five kinds 
of surfaces, viz : 

1 . The Ellipsoid, having for varieties, the ellipsoid of revo- 
lution, the sphere, a point, and the imaginary surface. 

2. The Hyperboloid of two Nappes, which has for a 
variety the hyperboloid of revolution of two nappes ; and the 

Hyperboloid of one Nappe, which has two varieties, the 
hyperboloid of revolution of one nappe, and the conic surface. 

3. Tlie Elliptical Paraboloids, having for a variety the 
paraboloid of revolution. 

4. The Hyperbolic Paraboloid, which has no variety. 

5. The Cylindrical Surfaces, with elliptical, hyperbolic, 
and parabolic bases. These last, however, are a species of 
paraboloids, since they are obtained by aupposing that the 
second power of one or two of the variables, disappears in 
the first transformation of the general equation. 

68. It may be remarked here, that the equation of a plane 
being of the first degree, will, when combined with the equa- 
tion of a surface of the second order, give an equation of the 
second degree : hence, the intersection of any plane with a 
surface of the second order, will be a curve of the second 
order. 

Of Tangent Planes to Surfaces of the Second Order. 

.69. A plane is said to be tangent to a surface when there 
is at least one point common to the plane and surface, through 
which if any number of planes be drawn, the sections made 
in the plane will be tangent to the sections made in the sur- 
fiice. But two straight lines which intersect each other 
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determine the position of a plane. If, therefore, through any 
point of a surface we pass two planes, and draw a tangent 
line to each of the cmres of intersection at their conunon 
point, the plane passing through these tangents will be tan- 
gent to the surface at the common point. 

Cf tangent planes to surfaces which have a centre. 

70. The equation of surfaces having a centre is of the form 

Mz^ + Ny^ + Lx' + P^O. 

Let a/^j %/'y 7/'^ designate the co-ordinates of a point at 
which the plane is to be tangent to the surface. These co- 
ordinates will satisfy the equation of the surface, and give 

Jlfi''» + iVj/'« + La/'« + P = 0. 

Through the point of tangency, let two planes be drawn 
respectively parallel to YZ and ZX. We shall then have, 

for x^d'^af', Jlfz« + Ay* + I^'* + P = 0, 

But 'the equations of two straight hnes, drawn tangent to 
these curves at their common point, of which the co-ordinates 
are a!\ %if\ a/', are 

x^d'^ a!\ Mzz''+ Nyy''+ Ld'^ + P = 0, 
y^W=zf, Mzd'^^Lxa/'^NU'^JrP^^. 

The equation a? = a" = a/^ 

represents the projection of the first tangent on the co- 
ordinate plane ZX; and the equation 

repi:esents the projection of the second tangent on the co^ 
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ordinate plane YZ. The projections of these tangents coin- 
cide, respectively, with the traces of the secant planes. The 
other two equations, being the common equations of tangent 
lines, are easily recognised. 

The equations of these tangents may be placed under the 
forms, 

x-v.z + a, y- ^^,.z ^^, . 

comparing these with the general equations of two straight 
lines, we find, for the first, 

, Mzf' 

and for the second, 

, Mzf' „ - 

a!= j-^, V=0. 

It is now required to find the equation of a plane which 
shall pass through these two tangent lines. 

The equation of a plane passing through the point of tan* 
gency, is of the form 

and this plane will contain both of the tangents (Bk. YIII, 
Prop. XII), if 

and Aa!+BV+C=:0. 

Substituting in these equations the values of a, &, af^ V^ 
before foimd, and we have 

^^"-^" + ^ = ^^ ^^"'^""^ ^ = -^-^' 
Ax 737— + C^ = 0, whence, A = — =^-— .C. 
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Substituting these values in the equation of the plane, and 
we obtain 

or by reducing, and recdlecting that 

Mg^'^ + Nt/'^ + La/'^^^P, 
we obtain, for the equation of the tangent plane, 
Mzz''+ Ny!/'+ Lxa/'+ P^O. 

Cf tangent planes to surfaces which have not a centre, 
70. The equation of the paraboloids is 

by making 2L'^—U. 

tf we designate the co-ordinates of the point of tangency 
hy a/', i/\ «", we shall ha«re. 

Mz''* + Nt/'* + 2L''a/' = 0. 

The equations of the cunres of intersection, by planes 
passing through, the point of tangency and respectively par- 
allel to the co-ordinate planes YZy ZXj are 

x = af'=a/\ Mz* + Ny* + 2U'af' =0, , 
y=l/'=zy'\ Mz* + 2L''x + NI/'*^0. 

The equations of the tangents to these curves, at their 
common point, are 

x = a''mia/', Mzz''+ Ni/i/'+2L''af' =0, 

N 
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Comparing t^ese with the general equations of two lines, 
and we find 

The equation of a plane passing through the point of tan- 
gency, is of the form 

and this plane will contain both the tangents, if 

Aa + Bb+Cz=Oy and Aar+Bl/+Cz=0. 

Substituting the values before found for a, 6, of, V^ and 
we have, 

Ax jj; — h C = ; whence, A = . C. 

If tliese values be substituted in the equation of the plane, 
it becomes 

or by reducing, and recollecting that the co-ordinates of the 
point of tangency satisfy the equation of the surface, it 
becomes 

Mzz!'^- Nyf^ L'\x + o/O = 0. 

72. If a line be drawn perpendicular to a tangent plane at 
the point of contact, it is said to be normal to the surface, 
and is called a normal line. 

If the equation of a normal be required, and the tangent 
plane and the point of contact are known, th^ problem con- 
sists in finding the equations of a line which shall be perpen- 
dicular to a given plane at a given point. 
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The equations of a normal, in the first class of surfaces, are 

Mzf' ^^ ^^' y J^ Mzf' ^ ^' 

and in the second class, 

Mzf' ^ ^' ^ ^ Mzf' ^ ^ 

Of the Generation of the Hyperhohid of one Nappe 
and ofiiue Hyperbolic Paraboloid^ by the movement 
of a straight line. 

73. It is now proposed to show, that the hypei4>oloid of 
one nappe and the hyperbolic paraboloid, may each be gene- 
rated in two different ways by the movement of a straight 
line. 

74. Let us resume the equation of surfaces which haye a 
centre, 

Mz* + Ny* + La^ + P = 0. (1) 

The equation of a tangent plane is 

Mzz^'+Nyy^'+Lxa/'+P^O; (2) 

and since the co-ordinates of the point of tangency satisfy the 
equation of the surface, we also have 

Mz^'^ + Ny^'^ + Laf'^ + P^O. (3) 

In order to determine the points which are common to the 
tangent plane and surface, we must combine their equations. 

Now, if twice equation (2) be subtracted from the sum of 
equations (1) and (3), the result may be placed under the 
form, 

M(z-«'0* + JV(y-y'0* + l^(^-a/0* = O, (4) 

Digitized by VjOOQIC 



BOOK IX. 349 

in which x, y, z^ ure the co-ordinates of all the points which 
are conunon to the tangent plane and surface. 

If the coefficients Af, iV, X, are positive, the surface repre- 
sented by equation (1), will be an ellipsoid (Art. 53). Under 
this supposition, equation (4) can only be satisfied by making 

x=za/\ y^]f\ and z'=z!' ; 

and hence, the ellipsoid and its tangent plane have but a 
single point in common, 

76. Let us now suppose M and N positive, and L nega- 
tive. Under this supposition, equation (4), which represents 
the points common to the tangent plane and surface, will 
become 

The equation of the tangent plane 

Mzz''+ Nyi/'^ Lxa/'+ P = 0, 
may be placed under the form, 

i»fe^'(^-z^O + %''(y-y'0-ia/'(^-a/o = o. (6) 

It is now required to find all the values of x, y, and Zy 
which will satisfy equations (5) and (6). 

For this purpose, let us combine with each, the equations 
of a straight line passing through the point of tangency. 
These equations are. 

If now we combine equations (5), (6), and (7), and find 
single and real values for a and b, the surface and tangent 
plane will have one straight line in common; if a and 6 
have two values, they will have two lines in common ; and 
if a and b are indeterminate, there will be an infinite number 
of straight lines cdmmon with the plane and surface. 
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Substiiuting the values oi x^a/\y^i/\iR equations (5) 
and (6), theybecome 

{z - zfJ(M+N» - ix^) = 0, 

{z - z!') {Mzf'+ Nby"^ Loaf') ^ O; 

or by dividing the equations respectively by {z^zf^ 
and z^zf\ 

M+N»--Lc?^0, (8) 
Mzr^Nhj/'^Laaf'=0. (9) 

which are the equations of condition in order that the straight 
line shall coincide with the tangent plane and surface. Let us 
now see if these equations will give real values for a and 6. 
We find from equation (9), 

.= "f'^.f"^- . (.0) 

Substituting this value in equation ifi\ and reducing 



Whence, 6- ——-——- . 

But, Mzf'^ + Nf^ - ia/' = P, hence, 



N{La/'^'--Nf^) 

Since the negative sign belonging to L has already been 
attributed to it, and since M and N are both positive, the 
quantity under the radical will be negative when P is nega- 
tive, and positive when P is positive. But when P is nega- 
tive in the second member, the surface is the hyperboloid 
of two nappes (Art. 67) ; and when P i^' positive, it is the 
hyperboloid 'of one nappe (Art.' 58). In th# latter case, 6 
has two real values ; ani if these values be substituted in 
equation (10), we shall find two real values for a. Hence« 
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,^ a tangent plane be drawn to the hyperboloid of one nappe, 
at any point of the surface, it mil contain two straight lines 
common to the plane and surface, which intersect each othex 
at the point of contact. 

The surface of the hyperboloid may therefore be generated 
by the movement of either of these lines ; hence we say, that 
it has two generations. 

76. Let us now pass to the paraboloids, of which the 
equation is 

Mz^ + Ny^ + 2L^^a? = ; (1) 

and the equaticMti of the tangent plane, 

Mz2^^+Nyy'^-VV'{x + a/') = 0. (2) 

But since the point of contact is on the surface, we have 

M^^» + iVy^^« + 2L^V^=p. (3) 

If we add equations (1) and (3), and from the sum subtract 
twice equation (2), we shall find 

M(^:-;r^0» + ^'(y-yO' = o. (4) 

Now, if M and N are both positive, which supposition 
gives the elliptical paraboloid (Art. 63); there will be but one 
point common to the tangent plane and surface. 

But if we take the hyperboHc paraboloid, in which N is 
negative, equation (4) will become 

M^z^zfJ-^N^y-^y^'f^O', (5) 

Fm 

whence, y - !/'= ± (^ ~ ^0 \/ j^r 

from which we see, that equation (5) represents the projec- 
tions on the co-ordinate plane YZ of two straight Unfes which 
are common to the surface of the hyperbolic paraboloid and 
the tangent plane^ and. which intersect each other at the point 
of contact. 
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To deteimine the diiecdons' of these lines, we will place 
the equation of the taagent plane under the fonn 

. Mz"(z - z") + Ny"(tf -y") + L"{x - a/') = 0. (6) 
Let U8 now combine the equations 

x^a/'^a{z^zf% ' jf^y"^h{z^2f% (7) 

of a straight line passing through the point of contact with 
equations (5) and (6). After dividing by the common factor 
{z-z'Jy we find 

whence, 6 = db W — , 

and a= jp > 

values of a and fc, which are always redly when the surface 
is the hyperbolic paraboloid. Hence, two straight lines may 
always he drawn through any point on the surface of a 
hyperbolic paraboloid, which shall coincide with the surfacCy 
and therefore Ihe^sttrface may be generated by the movement 
of either one of two right lines. 

If we substitute, in equation (7), the value of fe, we find 



y-!/'=^(^-n\/§. 



which corresponds with equation (5). 

Since b is independent of -the co-ordinates of the point of 
contact, a/\ y^\ x/\ it follows that the projections of all the 
elements of each generation on the co-ordinate plane YZ, 
are parallel to each other : hence, the elements of the same 
generation are situated in a series cff parallel planes, and are 
consequently parallel to a given plane, which is called the 
plane-difector. 
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